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Abstract 

We consider the Markov operator on a discrete quantum group given by convolution 
with a q-tracial state (j). In the study of harmonic elements x, P^{x) — x, we define the Martin 
boundary A^. It is a separable C*-algebra carrying canonical actions of the quantum group and 
its dual. We establish a representation theorem to the effect that positive harmonic elements 
correspond to positive linear functionals on A^. The C*-algebra has a natural time evolution, 
and the unit can always be represented by a KMS state. Any such state gives rise to a u.c.p. 
map from the von Neumann closure of in its GNS representation to the von Neumann algebra 
of bounded harmonic elements, which is an analogue of the Poisson integral. Under additional 
assumptions this map is an isomorphism which respects the actions of the quantum group and 
its dual. Next we apply these results to identify the Martin boundary of the dual of SUq{2) with 
the quantum homogeneous sphere of Podles. This result extends and unifies previous results by 
Ph. Biane and M. Izumi. 

Introduction 

Hopf algebras play an important role in quantum probability as they provide a natural setting 
for generalizations of Levy processes j27| . The convolution operators on Hopf algebras also lead 
to one of the simplest non-trivial examples of non-commutative Markov processes. In a series of 
papers jUiniiniEl Biane studied such operators on the dual G of a compact group G. He considered 
the group von Neumann algebra L{G) of G with comultiplication A{Xg) = Ag Cg) and looked 
at the convolution operator = {(j) ® t)A, where is a normal tracial state on L{G). One is 
particularly interested in P^-harmonic elements, that is, the elements x affiliated with L{G) such 
that P(j>{x) = X. A significant part of the theory of random walks on abelian groups |26| I28j 
can be generalized to this context. For example, one can prove that the constants are the only 
bounded harmonic elements 0. This result also follows from a generalization of the Choquet- 
Deny theorem, which states that extremal normalized harmonic elements are exponentials, that is, 
positive group- like elements 0. In the classical theory the set of extremal elements constitutes a 
part of the boundary of an appropriate compactification of G. This boundary, coined the Martin 
boundary, is constructed by completing G with respect to a metric depending on the asymptotic 
behavior of a function K called the Martin kernel. Having described the set of extremal harmonic 
elements, one could ask for a geometric realization of this set as a boundary of G. The boundary 
should then be understood in the sense of non-commutative geometry, so it should be a unital C*- 
subalgebra of L[G)/C*{G). This problem was solved for SU{2) in J^, where Biane introduced a 
non-commutative analogue of the Martin kernel, proved that the corresponding boundary of SU (2) 
is the 2-dimensional sphere, and showed that this sphere could be naturally identified with the set of 
harmonic exponentials. Thus he obtained an analogue of the Ney-Spitzer theorem which describes 
the Martin compactification of Z", see e.g. jHSj- Note, however, that for this result Biane assumes 
||(/)|| < 1, so he considers sub-Markov operators for which all harmonic elements are unbounded. If 
is a state, then there are, in fact, no non-trivial harmonic elements on SU{2). Another problem is 
that in general one expects a boundary of a non-commutative space to be non-commutative. So if 
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one wants to generalize Biane's result, one needs not only to describe the pure states of the algebra 
corresponding to extremal harmonic elements, but also to justify its multiplicative structure. 

One of the main properties of the Martin boundary is that any harmonic element can be 
represented as an integral of the Martin kernel by some measure. The unit can be represented by a 
canonical measure, and the Martin boundary, considered as a measure space, is called the Poisson 
boundary, see e.g. ^l^J. It turns out that the algebra of bounded measurable functions on the 
Poisson boundary is canonically isomorphic to the space of bounded harmonic elements, which a 
priori is just an operator space, but actually has a unique structure of a von Neumann algebra. This 
allows to define the Poisson boundary in the non-commutative setting, namely by postulating that 
the algebra of bounded measurable functions on it is the algebra of bounded harmonic elements. 
This approach was suggested by Izumi 12 , who was motivated by subfactor theory and ITP- 
actions of compact quantum groups. As we already mentioned, there are no non-constant harmonic 
elements in L{G) [HElEl) so the Poisson boundary of the dual of a compact group is trivial. The 
situation changes drastically if we remove the assumption of cocommutativity and instead of L{G) 
consider the algebra of bounded functions on a discrete quantum group. Izumi proved that the 
Poisson boundary is non-trivial for any non-Kac algebra. One of the principal results in J2] is 
the computation of the Poisson boundary of SUq{2). For this purpose Izumi carried out a detailed 
study of the Markov operator P^f^ for the g-trace (j) associated with the fundamental corepresentation 
of SUq{2). This allowed him to prove that the Poisson boundary is (the weak operator closure of) 
the quantum homogeneous sphere of Podles. Then he extended this result to (/-traces with finite 
support. 

The appearance of 2-spheres in the works of Biane and Izumi is of course no coincidence. 
However, their interpretations of the spheres as boundaries are quite different, and in the case 
covered by both authors {(j) is a state and g = 1) the boundaries are trivial. The missing link is the 
theory of the Martin boundary for discrete quantum groups. The main objective in this paper is 
to develop such a theory. 

The paper is organized as follows. 

In Section^we gather some facts about quantum groups, with proofs included in cases we could 
not find a good reference. Here we also discuss Radon-Nikodym cocycles for actions of discrete 
quantum groups. They will play an important role in our considerations for the same reason as in 
the classical theory, where the Poisson kernel can be described as the Radon-Nikodym cocycle of a 
measure representing the unit. 

In Section[21we study the Markov operator Pfj, given by convolution with a (7-tracial state (p. We 
develop the part of the potential theory needed to construct the boundary, featuring the balayage 
theorem, which gives a canonical approximation of harmonic elements by potentials X^^q -^^(■'")' 
Although the adaptation of this theorem to our setting is fairly straightforward, it is nevertheless 
striking that the lattice property for selfadjoint elements is not needed. Note that to talk about 
potentials we need to assume transience, i.e., that the expected number of returns of the random 
walk to the origin is finite. This condition is also necessary for the existence of non-constant 
harmonic elements. It turns out that it is fulfilled automatically in the generic quantum group case. 
Namely, the Markov operators we consider always have a positive eigenvector given by quotients 
of the classical and the quantum dimensions with eigenvalue strictly less than one in the generic 
case. This does not only imply transience, but also shows that the probability of return to the 
origin at the nth step decreases exponentially. In the last subsection of Sectional we briefly review 
the results of Izumi for the Poisson boundary with emphasis on the quantum path spaces of our 
random walks and on the non-commutative 0-2 law rather than on fusion algebras and ITP-actions. 

In Section 131 we define the Martin kernel K. It is a completely positive map from the algebra 
of finitely supported functions to the algebra of bounded functions on the discrete quantum group. 
Then we define the Martin compactification A^f, as the C*-algebra generated by the algebra A 
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of functions vanishing at infinity and tlie image of K. The Martin boundary is then the 
quotient C*-algebra A^/A. We prove that any harmonic element gives rise to a positive hnear 
functional on A^. The algebra has a canonical time evolution, and there always exists a state 
which represents the unit and has the KMS property with respect to this evolution. Any state v 
representing the unit gives rise to a normal u.c.p. map K* from the von Neumann algebra ^^{Aff,)" 
to the Poisson boundary. We give sufficient conditions for K* to be an isomorphism which respects 
the canonical actions of the quantum group and its dual. 

In Section we consider the case of SUq{2). Under a certain summability assumption on (j), we 
prove that the Martin boundary together with the two actions of the quantum groups SUq{2) 

and SUq{2) on it can be identified with the quantum homogeneous sphere of Podles. The proof 
is inspired by Biane's argument for ordinary SU{2) 7 . The first step is to realize the sphere as 
the quotient by the compacts of the algebra of invariant formal pseudodifferential operators of 
order zero associated to the 4L'_|_-calculus of Woronowicz. Then using the classical theory for Z we 
show that the Martin boundary of the center consists of one point. Combining this with detailed 
knowledge of the representation theory of SUq(2), including the Clebsch-Gordan coefficients, we 
compute explicitly the Martin kernel on certain generating elements. The main new problem in 
our context is to identify the actions of SUq{2). This is solved by studying the Radon-Nikodym 
cocycles for the actions. As a corollary we recover (and, in fact, extend to states with infinite 
support) the results of Izumi. 



1 Quantum Groups 

In Subsections I1.1H1.4I we collect a number of definitions and results on compact and discrete 
quantum groups stated in a unified notation. For more details see [36 l l33 | l25| l3T1 l3( H ITH l l2 H l9]. 

In the following M{A) will denote the multiplier algebra of a C*-algebra A. We usually use 
the same symbol for a map and its extension to the multiplier algebra. The C*-algebra of compact 
operators on a Hilbert space H is denoted by Bq{H). We shall use to distinguish the algebraic 
tensor product from the spatial tensor product 0, but we always use to denote tensor products 
of maps, then understood according to context. 

1.1 Compact Quantum Groups 

A compact quantum group {A, A) is a unital C*-algebra A and a unital *-homomorphism A: A — > 
A^ A such that (A i)A = O A)A and that both A{A){A ^ 1) and A{A){1 ^ A) are dense 
in A f^i A. To any compact quantum group there exists a unique state if oi A which is left- and 
right-invariant, i.e., (l (8) (p)A = (p{-)l and {(p <^ t)A = (p{-)l, respectively. This functional is called 
the Haar functional and is always assumed to be faithful, so we are considering a reduced compact 
quantum group in the sense of [T6] . 

A unitary corepresentation U of (A, A) on a Hilbert space Hjj is a unitary element of M{A 
Bq{Hu)) such that (A ® i.){U) = f7i3?723- Here we have used the leg-numbering convention. Let 
A consist of the elements (t uj){U), where U is a finite dimensional unitary corepresentation 
and w is a linear functional of B{Hu). Then ^ is a dense unital *-subalgebra of A such that 
A(^) C ^ .4. Let A' denote the space of all linear functional on A. There exist e ^ A! and 
a linear map S:A^A such that [A^ A) is a Hopf *-algebra with counit e and coinverse S, so 
S{a*) = S-^{ay for a £ A. 

Let bJ ^ A' and a & A. Define a;*a, a*uj G A and Cj ^ A' hy uj*a = (t0a;)A(a), a*uj = (a;0t)A(a) 
and (D(a) = uj{a*). There exists a family {fz}zec of unital, multiplicative functionals on A uniquely 
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determined by the following properties: 

(Fl) z I— > jz{p) is an entire function of exponential growth on the right-half plane for a ^ A. 

(F2) (/, ® U)A = and /o = e. 

(F3) hS = and = 

(F4) S^{a) = /_! * a * /i for a £ A. 

(F5) ip{ab) = ifibifi *a* /i)) for a,b e A. 

The modular group {crf}t of ip is thus determined by erf (a) = fu* a* fu for a G .4 and t G R. 
The one-parameter automorphism group {Tt}t of A determined by Tt{a) = f^a * a * /j^, for a £ A 
and t € M, is called the scaling group of (A, A). The involutive *-antiautomorphism i? of ^4 given by 
Rio) = fl* Sia) * /_i for a G ^ is called the unitary antipode. By definition S = Rt_j^ = T_i,R. 

2 2 _ 2 2 

Let U he & unitary corepresentation on Hu- Denote by Hu the conjugate Hilbert space. Let J 
be the canonical antilinear isometry Hu — Hu and j:B{Hu) i— B{Hu), j{x) = Jx*J~^, the 
corresponding *-antiisomorphism. Then the conjugate unitary corepresentation U on H^j = Hu is 
defined hj U = (R <E> j){U). The tensor product of two unitary corepresentations U and V is the 
unitary corepresentation U x V on Hu Hy defined hy U xV = Ui2Vi^. 

Let {Hip,^ip,Trr) be the GNS-triple associated with the Haar functional (p. Since (p is assumed 
to be faithful wc can identify A with its image TTr{A) in B{H^). The mapping ^® a^^ ^ A(a)(^ ® 
^(p), ^ G i^ip, a G A, extends to a unitary operator on H^ fS> H^. Its adjoint W is called the 
multiplicative unitary associated with {A, A). It is a unitary corepresentation of A) on H^ 
such that A(a) = (g) a)W for a G A. These two facts imply that W satisfies the pentagon 

equation VF12W13W23 = W23VF12. 

If G is a compact group, then the C*-algebra C{G) of continuous functions on G with comulti- 
plication A: C{G) C{G)®C{G) = C(G x G) given by A{f){g, h) = f{gh) is a compact quantum 
group. If r is a discrete group, then the reduced group C*-algebra C*(r) of the group F with 
comultiplication A(Ag) = Ap (8) Ap is a compact quantum group. 

1.2 Dual Discrete Quantum Groups 

Suppose {A, A) is a compact quantum group. Consider A' as a unital *-algebra with product 
ur) = (u; (g) r])A, unit e and *-operation uj* = CoS. Define the *-subalgebra ^ of by ^ = 
{a = aip \ a & A}, where {aip){b) = (p{ba) for b e A. For each u e A the linear operator 
b^ip I— > {b*u)S~^)^ip extends to a bounded operator Ttrioj) on H^p and ir^ is a faithful *-representation 
of A on H^. In the sequel we suppress the *-isomorphism vr,. of A onto its image TTriA) C B{H^). 
Let A denote the norm closure of A in B{H^). The formula A{x) = W{x ® 1)14^* defines a 
comultiplication A:A^ M(i®i), so {A®i)A = {i(g)A)A and both A(i)(i(8)l) and A{A){l(g)A) 
are dense in A (8) ^. Henceforth {A, A) is called the discrete quantum group dual to {A, A). Note 
that W G M{A fS> A). Any element a £ A extends to a bounded linear functional on A, so the 
latter can be considered as a subspace of A'. Moreover, ^ is a *-subalgebra of A' and A extends 
to a unital *-homomorphism A: ^ A)' given by A(a;) = uom, where m: .4 ^ ^ -4 is the 
multiplication. The map A satisfies the coassociativity identity with counit and coinverse given by 
e(tj) = uj{l) and S{uj) = ujS, respectively. There exists a unique right-invariant Haar weight ip for 
(A, A) which is a lower semicontinuous extension of the linear functional on A given by a 1-^ e(a). 
It satisfies the Plancherel formula ip{a*b) = ip{a*b) for a,b G A. Let p = fi. It is a positive 
self-adjoint operator affiliated with the von Neumann algebra M generated by ^ C B{Hfj,). Since 
/i is multiplicative, we have A(p) = p and S{p) = p~^ = Let (p{x) = ilj{pxp) for x G A+, 
where Aj^ is the cone of positive elements of the C*-algebra A. Then p is the (unique up to a 
scalar) left-invariant Haar weight of (A, A). The modular group of p is given by crf{x) = /3**X/9~** 
for X £ A, whereas that of ip is given by crfix) = p~**a;p**. The scaling group f coincides with a'^. 
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so the unitary antipode R for {A, A) is given by R{x) = p~2S{x)p2 for x £ A. 

Assume U is a unitary corepresentation of A). Then the formula 'Ku{uj) = (lj i'){U) 
for Lo e A, defines a non-degenerate *-representation of A C on Hu. The map U i— ^ ttc/ is 
an equivalence of the category of unitary corepresentations of {A, A) and the category of non- 
degenerate *-representations of A. Note that ttw = tTti and that the formula vr (/, (g) 'it){W) 
defines an inverse functor. Moreover, these functors preserve tensor products, where the tensor 
product of two non-degenerate *-representations tti and 772 is given by tti x 7r2 = (tti (8) 7r2)A, so 
''^UxV = nu x Try. 

Suppose G is a compact group and F is a discrete group. The discrete quantum group dual to 
(C(G), A) is the group C*-algebra C*{G) of the group G with comultiplication A{fij f{g)Xgdg) = 

/g/(5')(-^9 ® \)dg under the identification / = f{g)Xgdg. The discrete quantum group dual 
to (C*(r), A) is the C*-algebra co{T) of functions on T vanishing at infinity with comultiplication 
A:co(r) M(co(r) (g) co(r)) = l°°{r x r) given by A{f){g,h) = f{gh) under the identification 

Xg = 6g-l. 

1.3 Matrix Units and the Fourier Transform 

Denote by I the set of equivalence classes of irreducible (and thus finite dimensional) unitary 
corepresentations of a compact quantum group {A, A), and let G ^ (8) B{Hs) denote a fixed 
representative for the equivalence class s G I. The corresponding irreducible *-representation of A 
is denoted by Tr^. Then ©sTT^ is a *-isomorphism of A and the C*-algebraic direct sum (BsB{Hs). 
Under this isomorphism A is the algebraic direct sum of B{Hs), s G /, and A' is the algebraic 
direct product of B{Hs), s e I. Denote by Ig the unit of B{Hs) considered as an element of A, so 
TTsix) = xlg = IsX for X G A' . Then il){x) = dsTr Trs{xp~^), where dg = Tr7rs(p) = Tr7rs(p~^) is 
the quantum dimension of and Tr is the canonical, non-normalized trace on B{Hs)- For each 
s £ I, we pick an orthonormal basis for Hg. Let mfj denote the corresponding matrix units 

in B{Hs) with respect to {^f}i, so = Sjk^f and therefore mfjUili = Sjkmfi and mf^* = mj^. 

Let uf,- G .4 be the matrix coefficients of C/* , so = V,- (g) mf, . The fact that is a 
corepresentation means then that A{ufj) = (g) u^^-. Note that C/* = (i (g) Trs)W implies 

The following orthogonality relations hold: 

To simplify some formulas we pick the basis {^f}i such that the matrix tTs{p) is diagonal. Then 
fziufj) = Oiii^j, and Trs{p^) = f^{ufi)mfi. We also have 

= ht{ulk)f-it{utiXi and atiuli) = fit{ulk)fit{uu)uli. (L3) 

Let s be the equivalence class of ?7*'. Since is equivalent to , there exists an antilinear 
isometry Jg-Hg — > Hg uniquely defined up to a scalar of modulus one. So jg{x) = JgX*J~^ is 
a well-defined *-antiisomorphism from B{Hs) to B{Hs). Let = jg{mjj^) be the new system of 
matrix units in B{Hs) and vf^ be the corresponding matrix coefficients of ?7*, so = J2ij 

The Fourier transform J^: A ^ A is the bijection defined by J^{a) = a. 

Lemma 1.1 The following formulas hold: 
(i) i^ijiuii) = 5gtSikSji; 
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(ii) 4 = /iK)/_i(m-j>|/; 

(iii) ^(n^) = 

(iv) i?(x) = js{x) for X e B{Hs), so S{mf .) = /i ^^,)nf,. 

Proof. Part (i) is obvious, because by definition we have dstmfj = irtimfj) = X^fc i "^^^(^D^^L- 
By definition of we have v?j = R{ujj). Since S{UjJ = ufj*, S = Rt_i and Ti.{ujj) = 

/_ 1 «)nj, by don, we get (ii). 

By definition of the Fourier transform the orthogonahty relations can be rewritten as 

^iu'ij){uii*) = SstSji6ikf^i{u'ii)dJ^, 

or, in view of (ii), as J^{ufj){vli) = 6stSji6ikf_i{uli)f_i{u^jj)d-'^. Since nlj{v{i) = 6sAkSji by (i), 
we get (iii). 

By definition of the conjugate unitary corepresentation we have 

-Klf{uj)C = iruiujR)*^ = 7ru{R{i^*))^ for i e Hu and uj e A. 
This imphes the first part of (iv). The second part follows from S = R{p^ ■ p~^)- 

■ 

We denote by the equivalence class of the trivial one-dimensional corepresentation, so vro = i. 
Note that ip = = Iq because /q = Jq and oIq = e(d)/o, for a £ A, determine /q uniquely. 

Lemma 1.2 We have 

Proof. This is easily verified by applying the functionals on both sides of the identity to the linear 
basis {f|j<8>M^;}s,t,ij,fc,/ of and using the orthogonality relations together with Lemma lTTTl 
Alternatively, as (t (8) b){W) = b for any 6 G ^, we have (a (8) (0 i){W) = aT{h) = ip[ah) and 
(a ® b)A{Io) = Io{ab) = ip{ab) for ah a,b £ A. Hence A(/o) = (J^ i){W). ■ 

1.4 Coactions and Invariant States 

Suppose {A, A) is a compact or discrete quantum group. A left (resp. right) coaction a of {A, A) on 
a C*-algebra i? is a *-homomorphism a: B M(AfSiB) such that a{B)(A<Sil) (resp. a(S)(l A)) 
is dense in A S (resp. B A) and that (l a)a = (A i)a (resp. (a (8) t)a = {i'?) A)a). 

The fixed point algebra i?" for a left coaction a is the C*-subalgebra of B consisting of elements 
X £ B such that a{x) = 1 (8 x. 

Proposition 1.3 Let a: B ^ M{B ® A) he a right coaction of [A, A) on B. Define B = B in the 
discrete case and B = span{(i(8) (p){a{b){l <^ a)) \ a £ A, b £ B} in the compact case. Then B is a 
dense *-subalgebra of B andBQA = a{B){li^A) = (l(dA)a{B). Moreover, the operator r: BQ A 
BqA, r(6(8)a) = a(6)(l®a), is invertible with inverse given by s{b0a) = {lC^ S){{10 {a))a{b)) . 

Proof. In the compact case the orthogonality relations ()1.2|) imply (see e.g. |241 Theorem 1.5]) that 
B is dense in B, a{B) C B Q A and 

B = span{(/, 8) (/?)(a(6)(l a)) \ a £ A, b£ B}. 
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In the discrete case (fi® = BQB{Hs), so a{B){l0A) C BqA and {l^A)a{B) C BqA. 

Let us prove that (t e)a(6) = 6 for 6 € i3. Note that in the discrete case e is defined on A, 
whereas in the compact case the formula makes sense due to the property a{B) C B Q A. Apply 
t e (X" t to the identity 

{i A)(a(6)(l O a)) = (a i)a{b){l A(a)), 

which yields 

a(&)(l a) = (t e i)((a ® i)a(&))(l a) = {{l e)a t)(a(&)(l (g) a)). 

In the discrete case the density of a{B){l <^ A) in B <^ A gives the result, whereas in the compact 
case we apply i (8) 99 and use the description of B given above. 

Next consider a £ A and b £ B. Observe that r = (t ® m){a l). Thus since (t e)a(6) = & 
and m{L 5*) A = we get 

rs{b(g)a) = {L(g)m){a(g) L){L(g) S){{l(g) S~^{a))a{b)) 

= (i (gi m)(t (g) t (g) 5')((i (gi t S'"^(a))(a (g) 

= {i^m){i(g) S){{l^ S'^{a)){i A)a(6)) 

= (i(g)e(-)l)a(6)(l 0a) = 6® a, 

so rs = L. The equality sr = t is proved analogously. 

■ 

The proof of the previous proposition shows the following. 
Corollary 1.4 

(i) Let (A, A) be a compact quantum group and a: B B ^ A a *-homomorphism such that 
(a (g) t)a = (t (gi A)a. Then a is a coaction if and only if there exists a dense *-subalgebra B of B 
such that a{B) C B Q A and (t (g) e)a = l on B. 

(ii) Let A) be a discrete quantum group and a: B ^ M(B (gi ^) a non- degenerate *-homomor- 
phism such that (a (gi L)a = (/- (gi A)a. Then a is a coaction if and only if (l (g) e)a = l. ■ 

An invariant state for a right coaction a of a compact or discrete quantum group {A, A) on B 
is a state r] on B such that (r/ (g) i)a = 

Proposition 1.5 Let r] be an invariant state for a right coaction a of a compact or discrete quan- 
tum group. Then 

(i) (?7 g) Lo){a{bi){b2 1)) = (?? LoS){(bi (g) 1)0(62)) for any bounded functional lo of A such that 
the functional lvS on A extends to a bounded functional on A; 

(ii) aa^ = {a^ (g) T-t)a whenever r] is a faithful KMS-state (at inverse temperature (3 = —1). 

Proof. Let (if,,, ^r,, vr^) be a GNS-triple for rj, and as usual we suppress vr^. It is easy to check that 
the formula 

U{bir,®i) = a{b){i^®i), 

for b £ B, ^ £ H^, defines a unitary corepresentation U of {A, A) on such that a{b) = U (6(g) 1)C/*. 
Then (t ® ujS){U) = (t lo){U*) for example by [16!, Proposition 5.2]. Since any bounded linear 
functional on A can be weakly approximated by vector functionals, by definition of U we conclude 
that 

{i g) uj){U)b^r, = (/- uj)aib)Cr,- 
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Hence 

r]{{L ^ Oj)a{bi)b2) = {b2Cn,{i^O)a{bl)Crj) = {b2Crj,{L^0j){U)bl^^) 

= {{i uj){U*)b2C„ bl^^) = {{i ujS){U)b2i^, h\i^)) 
= {{i ujS)a{b2)i^, blir,)) = (r/ ujS){{bi 1)0(62)). 

This proves (i). Then (ii) fohows for instance from the proof of [HI Theorem 2.9]. 

■ 

If r] is an invariant state for a left coaction a, we have the following analogous formulas: 

(i) {oj ??)(a(6i)(l ® 62)) = ® 77)((1 ® bi)a{b2)), 

(ii) aa^ = (r^ ® o"J')a whenever r/ is a faithful KMS-state. 

Let be a KMS-state on a C*-algebra B. The formula 

2 

where is the modular involution, defines an inner product (•,•),; on the von Neumann algebra 
N = T[r){B)" . If we are given two C*-algebras Bi and B2 with KMS-states rji and r/2, and a 
completely positive contraction T: i?i ^ i?2 such that r]2T = iji, then there exists a unique normal 
unital completely positive map T*:N2 Ni such that rjiT* = r/2 and (x,r*y)^^ = (Tx,y)^2 for 
x G 5i and y £ B2 

Proposition 1.6 Suppose rj is a faithful invariant KMS-state for a right coaction a of a discrete 
or compact quantum group (A, A) on a -algebra B. Define T^:B^B by = (t®a;)Q, where lv 
is a state on A. Then T^j is a completely positive contraction, tjTuj = 7] and T* = T^jR. 

Proof. By density of analytic elements it is sufficient to consider x and y to be cr'^-analytic and ui 
to be r-analytic. Then Proposition II. Sf i) says that 

v{TUx)any*))=v{^T^s{a'^{y*))), 
while part (ii) of that proposition implies T^s^^t — ^t'^uiSr^t ■ Thus 

7^{TUx)a^iy*)) = vixa^T^sr.Avl) = vial,ix)T^sr.M))- 
Taking analytic continuation to i = — | and using uSr^t = ^T_t_iR completes the proof. 

From this point onwards {A, A) will always denote a compact quantum group. 

We may clearly regard A as a left coaction of {A, A) on A and A as a right coaction of {A, A) 
on A. We shall consider two more coactions. 

Proposition 1.7 The formulas 

<i>{x) = W*{l0x)W and ^{a) = W{a 1)W* , 

for X £ A and a £ A, define a left coaction $ of {A, A) on A and a right coaction of {A, A) 
on A. 

Proof. Coassociativity follows from the pentagon equation for W. Note that $(x) = U^*{1 (8> x)U^ 
for X G B{Hg), so the result follows from Corollarv 11.41 and the properties (e ® i)U^ = Ig and 

{i®£)W = 1. 
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The coactions ^ and $ are analogues of the adjoint action of a group on its group C*-algebra. 
Suppose again that G is a compact group and T is a discrete group. If (^,A) = (C(G),A), 
then $ is trivial, l'(a) = a 1, while $: C*{G) M{C{G) ® C*{G)) C L°°(G, W*{G)) is given by 
^(/g fi9)^g^9)W = Ig fi9)^h~^ghdg- On the other hand, if (A, A) = {C*(T), A), then $ is trivial, 
= while 4>:G;(r) ^ M{C*{T)^co{T)) = 1°°{T,C*{T)) is given by $(Ag)(/i) = A/,g;,-i. 

Consider the left coaction Og = ^\b{Hs) of ^) B{Hs). The restriction of the (;-trace 
(j)s = dj^Tr TTs{-p~^) to B{Hs) is an invariant state for this coaction. To see this, first note that 

(52 i)W = {l® vr,(p))C/^(l » 7r,(p-^)) 

by property (F4) for the family {fz}, so since {S ® i)U^ = U^* , we get 

(5-1 = is-'' ^ = ® = (1 ® vr,(p-i))f/^*(l TTsip)). 

Thus 

4(i8)0,)a,(x) = (t®Tr)(C/"*(l0x)C/^(l8)7r,(p-i))) 

= Tr)((l x)(S ® » (5-1 

= (/, Tr)((l x)(S ® 7rsip-'^))U'*U')) = 

Note that since is irreducible, we have B(Hs)°^'' = Clg- The formula Eg = {f<Sii')as defines a 
conditional expectation B{Hs) onto B{Hs)°''' , and any invariant state tj must satisfy the property 
ijEg = r}. As a consequence E's = (j)s{-)Is and </'s|_B(i^^) is the unique invariant state for a^. 

Let C <Z A* denote the norm closure of the linear span of {^sjsg/, so C consists of the functionals 

XgCps, {As}s G Any state in C is an invariant state for <I>. Conversely, since ipslsiHs) is the 

only invariant state for a^, any invariant state for $ belongs to C. 

For any unitary corepresentation U of {A, A), the formula au{x) = C/*(l(8>x)C/, for x £ Bq{Hi/), 
defines a left coaction ajj of A) on Bq{Hij), so as = aijs. Again by uniqueness of invariant 
states for ag, for any invariant state r] on Bq(Hu) we have fjiru S C, where is the unique normal 
extension of tj to B{Hi/). 

Lemma 1.8 

(i) The state (ps considered as a linear functional on A lies in A and cps = "Yidj^ f-i{uf^)uf^. 

(ii) The linear space C is a subalgebra of A* . Namely, ifU^ x [/* = NfJJ'^ is the decomposition 

of the corepresentation Us x Ut into irreducible ones, then (t)s4)t = 'J'T^^'^'^^' 

w * ^ 

Proof. Statement (i) follows from Lemma iLlf i). Since A(/9) = p, property (ii) follows from 

Nf^{Ii-TT^ = Trvrt^.xc/' = 0^ ® Tr)(7r, 7rt)A. 

■ 

Note that in general C is not a *-subalgebra because = dJ-'^Tr 7rg(-p). 
1.5 Radon-Nikodym Cocycle 

Let a: B ^ M{B A) be a right coaction of a discrete quantum group {A, A) on a unital C*- 
algebra B. Denote by M{B Q A) the algebraic multiplier algebra of ^ [30]) so 

m{bqA) = YIb^b{Hs), 

where we use the algebraic direct product. Thus M(B Q A) is a *-algebra, but not a normed 
algebra. 
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Definition 1.9 A state rj on B is called quasi-invariant (with respect to a right coaction a: B ^ 
M {B(E'A)) with Radon- Nikodym cocycle y £ M{B A) if 

(i) {rj (g> i)a{b) = (?? i){{h S){y)) for b G B; 

(ii) (6® A)(y) = (a®0(y)(y® !)■ 

Note that these formulas make sense if we extend all appropriate homomorphisms to algebraic 
multiplier algebras. A more concrete way to proceed is as follows. First observe that M{A) = A' = 
Y\^^jB{Hs), so both 5:^' A' and the homomorphism A: ^' (^0^)' = Y[^ ^^j B{Hs)(^B{Ht) 

are well-defined, see Subsection 11.21 Since S{B{Hs)) = B{Hs), clearly t 5 is well-defined. Thus 
identity (i) makes sense. Concerning (ii), notice that for fixed s,t G I, there exists only finitely 
many w £ I such that A(x), x £ B{Hu,), has a non-zero component in B{Hs) B(Ht), namely, 
those w £ I for which U'" is a subcorepresentation of x U*. Thus {t A)(y) is a well-defined 
element of M{B 0^0^) = n,,tg/ B B{Hs) B{Ht). 

Observe that whenever rj is faithful, condition (i) of this definition determines y uniquely. 

Proposition 1.10 Suppose rj is a state on B and y € M(B Q A) satisfies identity (i) in Defini- 
tion^^ Then: 

(i) if T] is faithful, the element y satisfies identity (ii) in Definition \l.y\. so r] is quasi-invariant with 
Radon- Nikodym cocycle y; 

(ii) {rj L){a{bi){b2 1)) = (r? S){{bi l)a{b2)y) for 5i, 62 G B. 

Proof. We begin by proving (ii). Let z = b® a for b £ B and a £ A, and consider the linear maps 
r, s on B Q A introduced in Proposition 11.31 Then 

{r] (g) L){a{bi)r{z)) = (r? i)(a(6i5)(l a)) 

= {rj(g)i){{bib(g>l){i(g>S){y){l(g>a)) 
= (ry0 5)((6i0l)(i0 5'i)(z)y). 

If we apply this identity to z = s{b2 It), and use rs = t, we get 

/t(r/0O(a(&i)(62 0l)) = (r/®0(a(&i)(&2®/t)) 

= (t/0^)((6i0 1)(^0 5-^)5(62 ®/<)y) 

= (r?0^)((6i0l)(l0/f)a(62)y) 

= It(7?0S)((6i0l)a(62)y). 

Since this holds for any t £ I, assertion (ii) is proved. 
To prove (i), apply A to the identity 

(?? i)a{b) = (?? i){{b l)(i S){y)). 

The right hand side yields (?? x)('- <^ 5')((6 1 l)(t A){y)), where x denotes the flip on 
{A A)'. Whereas the left hand side gives 

{r]^ A)a{b) = {rj g l ^ t,){a ^ L)a{b) 

= {ri(g)L(g)i){a{b)i3{t(E)S(g)L){y(g)l)) 
= ir](^x){Hb)<E)l){i(S)i<gS)iyr3)) 

(ii) 

= (r/ x)('' ® 1 ® l)(a ® i)(^ ® S){y){y 1)) 
= (r? x)('' ® 5" S')((6 1 l)(a L){y){y 1)). 
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Thus 

{r](g)x){i^(^ S (g> S){{b(g>l(g> A){y)) = {r] (g> x){i^ S S){{b (g> Kg) l){a (g) i){y){y ® 1)). 
Since b is arbitrary and r/ is faithful, assertion (i) now follows. 

■ 

We call property (ii) strong quasi- invariance, so (i) in Proposition 11.51 follows from Proposi- 
tion ^^21 (at least in the discrete case). 

In general y is not self-adjoint. But it will be self-adjoint and have other nice properties under 
additional assumptions which will always be satisfied in our examples. 

Proposition 1.11 Let r] be a quasi-invariant state with Radon- Nikodym cocycle y. Suppose in 
addition that r] is a faithful KMS-state and that aa^ = (cr^ f_f)a. Then 

(i) {a]'(g)f_t){y)=y; 

(ii) y is positive and invertible with y~^ = (t ® m)(a S){y). 

Proof. Apply f_j to the identity (r/ t)a(6) = (?? i)((6 l)(i 03 S){y)), and use fjj'-invariance of rj. 
Thus 

(?? i)aa'^{b) = (7? ® i){{a'^ib) ® 1)((7? ® f_t)(. S){y)) = (t? 0((^I'(&) ® 1)(^ ® '5)(^I' ® T_i)(y)), 

for b B, and (i) follows by uniqueness. 

To see that y > 0, it is clearly sufficient to show that J2kj(^ '^)ii^*k ® ^Dui^j ^ '^i)) — ^ 
£ A and bk € B. Moreover, we can assume that 6^ is cr'^-analytic. Write = crl, (bk)- Using (i) 

2 

and the KMS-condition, we thus get 

Y,ir](gi)m(^al)y{bj(g)aj)) 

k,j 

= X] "^'(^ ® 0((a^i4 ® l)(i ® )(y))aj = 4(r? ® i?)((xj4 l)(i ^)(y))aj 

k,j k,j 

= ^(^kiV^ R)oi{xjxl)aj = ^{r] (g) R){{1 (g) R{aj))a{xjxl){l (g) R{al)) 

k,j k,j 

= Ri7]<g)i){zz*)>0, 

where z = X^j(l (g R{aj))a{xj). 

To see that y is invertible, note that (t (g e){y) = 1. For this apply l (g e to the identity 
{rj (g i)a{b) = [t] (g i){{b ® l)(i S){y)), use the property (i ® e)a = l from Proposition 11.31 and 
faithfulness of r]. Now as y is self-adjoint, we may write the cocycle identity as {l (gi A)(y) = 
{y l)(a i-){y)- Next apply the map {l m){i (gi l (gi S) on both sides. This gives 

10 1 = {l^i{-)l){y) = {L0m){Lg)L0S){i0A){y) 

= {L(gm){i(g) i(g) S){{y (gl){a(g i)(y)) = y(i (gm){a0 (g) S){y). 

Since y* = y, we conclude that y is invertible with two-sided inverse (t m)(a t)(t S){y). 

■ 

Consider now the right coaction A ^ M{A <gi A) introduced above. 

Proposition 1.12 For the Haar state ip on A, the following properties hold: 

(i) {at(gf^t)^ = ^at; 

(ii) the state ip is quasi-invariant with Radon- Nikodym cocycle y = W{1 Cg p~'^)W* . 
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Proof. Recall that Tt{x) = p'^xp'^^ and $(a) = W{a ® l)W* . By o-|'(a) = fn^a* fu and (dU, we 
get {af (g) i){W) = (1 O /3**)1^(1 (g) p**). This implies (i). 

For a £ A, we have 

so (/? is quasi-invariant with Radon-Nikodym cocycle {l S^^){W*){af^^ ® S'~^)(VF). Because 
(t S'-i)(Ty*) = W, we thus must show that (cr!^. O S'-i)(W^) = (1 p-'^)W*. We have 

= {i<E)S-^){{l^p)W{l^p)) = {l(S)p-^){i(S)S-^){W)il(S)p-^) 
= (1 ® ^ p-^) = (1 /9~2)(;l ^ ^2)^^ ^ 

as desired. Note that the cocycle identity, positivity and invertibility for y follow from Proposi- 
tions II.IUI and 11.111 but can easily be checked directly. 



2 Random Walks on Discrete Quantum Groups 

2.1 Quantum Markov Chains 

Let (A, A) be a discrete quantum group. For any bounded linear functional (j) on A, we define the 
convolution operator P^:M{A) — > M{A) by Ptf) = {(j)® t)/S.. Here M{A) is the multiplier algebra 
of A, so M{A) is the C*-algebraic direct product of B{Hs), s e I. Note that P^{A) C A and if r] 
is another bounded linear functional on A, then P<^Pr? = P(f>r]- If </> is a state, then is a unital 
completely positive map, and we call it the Markov operator associated with cp. 

We shall usually consider 4> in the space C of ^-invariant linear functionals on A introduced in 
Subsection 11.41 The following proposition partially justifies this. Let Z{A) denote the center of A, 
so Z{A) is the C*-algebra generated by I^, s G /, so Z{A) = co{I). 

Proposition 2.1 For a bounded linear functional (p on A, we have P^{Z(A)) C Z{A) if and only 

ifcpeC. 

Proof. By Lemma 11.21 we see that P^{Iq) G Z{A) if and only if (pinfj) = for i ^ j and the 
number = /_i(Mfj)(/)(n|j) is independent of i, for any s £ I. Since by Lemma ILlf ii). we 
have = /i(ffj), these conditions mean that (j)\B(Hs) — dsXs4's, so (j) £ C. We have thus 

proved the forward implication. To prove that P^{Z(A)) C Z(A) whenever (p £ C, note that 
by the above argument, we see that P^^{Io) = -^Ig and therefore P<f,{Io) £ Z{A) for all (p £ C. 
Also P(p{Is) = d^sP(i>P(i>A^o) = dlP(j)(p-{Io), and as C is an algebra by Lemma 11.81 we see that 
P^ils) £ Z{A). 

■ 

Suppose (p £ C is a, state. As in |4j we can construct the associated quantum Markov chain 
(with initial distribution i and generator P^) in the sense of [2]. It consists of: 

(i) a von Neumann algebra M[A)°° and a normal state 0°° given by ®lL(M(i),<A); 

(ii) unital *-homomorphisms j^: M{A) M{A)°° given by jfc(a) = ... 1 A^^-'^(a) for k>\ and 
o £ M{A), and jo = £• 
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Here A'^ is defined inductively by A'^ = l, = A and A^-'^^ = (A l)A^. Using = iP^, the 
crucial property 

</'~(io(ao) ■ ..jkiak)) = eiaoP^. . . P^ak-iP^ak)) • • •)) (2-1) 

is then easily checked. 

The algebra M(A)°° should be thought of as the algebra of measurable functions on the path 
space of our quantum Markov chain. Since P^{Z{A)) C Z{A) = co(/), the operator determines 

a classical Markov chain on / with kernel {p<^(s, i)}s,t6/) so P^{It)Is = P4,{s,t)Is- Let (0,Po) be 

-1 

the corresponding path space. Thus = n ^^^^ 

measure Pq is defined on cylindrical sets as 

— oo 

follows: 

Fo{{uj G n I uj^n = s-n, ■ ■ • = = p^{0, s^i)p^{s^i, S-2) ■ ■ ■ p^is^n+i, s~n)- (2.2) 

The following proposition is essentially from 

Proposition 2.2 There exists an embedding L°°(^},¥q) ^ (M(^)°°,0°°) uniquely determined 
by j°°{a_n (8) ... a-i) = jn(a-n) • • • ji(a_i) for a_„, . . . ,a_i G Z{A). 

Proof. We first prove that jk+i{a) commutes with ji+i{b) for arbitrary k,l >0 and a,b £ Z{A). We 
can assume that I = k+n for some n G N. Thus we need to show that 1®. . .01® A*^(a) and A'^"'""(6) 
commute in M((g)I^_^^y4). This is true because 1®. . .01(g) A^ (a) = (tO. . .0)i(g)A'')(l(g). . .OlOa), 
A'^+"(6) = (g) . . . i A*')A"'(6) by coassociativity of A, and because 1 (g ... 1 a commutes 
with A"(6). So there exists a unital *-homomorphism j°° : (^SiZ^l°° (I) M{A)°° determined by 
j°°{a-n ® ■ . .® fl-i) = jn{a-n) ■ ■ ■ ji(a-i) for a_„, . . . , a_i G Z{A). Using equalities (|2.1j) and (|2.2j) 
it is easy to check that = Pq. Thus extends to the required normal embedding. 



2.2 Transience 

Definition 2.3 Suppose (j) € C is a state. 

(i) We say that (p is transient if the corresponding classical random walk on I is transient, that is, 
if the sum Yl^=o Pff-^ ^) ^-^ finite for all s,t £ I. 

(ii) By suppc/) we mean the set {s £ I \ (j){Is) 7^ 0}. 

(iii) We say that (p is generating if for any s £ I, there exists n G N such that ({/^[Ig) > 0, that is 
U„supp(/)" = /. 

Define an anti-linear isometric operator i— > on C by = for s G /. 

Let U he a finite dimensional unitary corepresentation of A). Consider the state (pjj given 
by 4>U = du^T^ '^u{-p~^)7 where du = Tr TTu{p~^) = Tr7ru{p) is the quantum dimension. Then 
0t/ G C. Define A''^^ to be the multiphcity of [/* in [/ x 

Lemma 2.4 With the above notation the following properties hold: 

(i) (pu'Pv = (pUxV for any finite dimensional unitary corepresentations U and V; 

(ii) (f>u = (Pu' 

(iii) the mapping (p ^ (p on C is anti-multiplicative; 
{i^)p^^{s,t) = ^Nlj^^; 

(v) P^{s,t) = {^fp4,{t,s) for any state cp£C. 
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Proof. Parts (i) and (ii) follow immediately from definitions. Part (iii) follows from (i) and (ii) and 
the property U x V = V x U. For part (iv) apply (j)s to the identity P^^{It)Is = P<f>u{sit)Is- This 
yields (see the proof of Lemma [L8|) 

ui U s Us 

Part (v) now follows for (f) = (pu hy the Frobenius reciprocity Njj ^ = ^, and for general (p by 
linearity. 



Corollary 2.5 A state (f) £ C is generating if and only if the classical random walk is irreducible 
in the sense that for all s,t €z I, there exists n € N such that p^n(^s,t) > 0. 

Proof. Since P(f,{0, s) = (p{Is)-, we see that irreducibility of the classical random walk implies the gen- 
erating property for <j). Conversely, suppose (p is generating. Since ((/>)" = {<j)^)'hy Lemma l2.4f iiil. 
we have supp (0)" = suppc/)*^, so (j) is generating. Now given s,t G I we can find A;,Z G N such 
that {4>)^{Is) > and > 0. By Lemma ITlT v) we thus get p^k{s,0) = d^^p^^-jfc (0, s) > and 

P0i(O, t) > 0. Since 

p^k+i{s,t) = Yp^k{s,w)p^i{w,t), 

W&I 

we conclude that p^k+i{s,t) > 0. 

■ 

Note also that Lemma 12.41 implies that (j) is generating if and only if for any s £ I there exist 
si,...,Sn G supp(/> such that is a subcorepresentation of U^^ x ... x U^". In particular, if 
(^, A) is a compact matrix pseudogroup with fundamental corepresentation U [SSI, the state (pu 
is generating. 

In the classical theory it is usually difficult to check the transience condition. The following 
result shows, however, that in the generic quantum group case transience is automatic. 

Theorem 2.6 Suppose cp £ C is a state for which there exists w S suppc/) with vr^(p) 7^ (or 
equivalently, dimi?^ < d^). Then there exists A < 1 such that p^n[s,t) < 37^]^^ A" for any 
s,t £ I and n S N. In particular, (j) is transient. 

Proof. Recall that since Tt'Ks{p) = TnTs{p~^), we have by Schwarz inequality 

diuiHs = Tr7rs(p^/)"5) < dg, 

with equality if and only if TTgip^) = 7rs(p^2 ), that is TTsip) = Is- 

Let (j) = J2r ^r<Pr, where > and J2r K = ^- By Lemma H3fi) we have 



n X...XU^ri . 

Thus Lemma |23liv) and the inequality N^^^ < entails 

p^n{s,t) = ^ . . . Xr„- — --r^U''ix...xU'-",s 

Qr^ . . . «r„"s 

' Ivi' n 

^ ^ ^ ^ dim Hr^ dim Hj-^ df dim Hs _ ^ „ <i< dim H. 



yA^T • • • • . . j\ ^ 

drj^ dr^ ds dim Ht dg dim Ht 
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where A = Y^r^r^^^ < 1- 

■ 

In particular, if (A, A) is a (7-deformation of (the algebra of continuous functions on) a semisim- 
ple compact Lie group (see e.g. ^^), then any state 7^ e in C is transient. The assumptions of 
Theorem 12.61 are also satisfied for any non-Kac algebra {A, A) with a generating state <J) £ C. 

Our next goal is to extend to a larger subspace of A' = M{A). We consider A' with weak* 
topology, which coincides with the Tikhonov topology on the algebraic direct product M{A) = 
Yl^ B{Hs). So M{A) is a complete locally convex space. Let T be the collection of all finite subsets 
of /. For X C I denote by Fx the projection from M{A) onto Y\^^j^ B{Hs). So a net {xi}i 
converges to x in M{A) if and only if Fx{xi) Fx{x) for all X 

Let (/> be a positive linear functional in C. Denote by Z)(P<^)+ the set of all x € M{A)-\- such 
that the net {P,j)Fx{x)}x&i in M[A) is Cauchy, or equivalently, such that the set {■KsP^Fx{x)}x&i 
is bounded for any s £ L For x E D{P^)+ we set -P<^(x) = limxi^i P(f,Fx{x), and then form 
the linear extension P^:D{P(f,) M{A)^ where D{P^) is the linear span of D{P^)-^. Note that 
D{P^) n M{A)+ = D{P^)+. If the support of (j) is finite, then D{P^) = M{A). Moreover, as (p e A 
in this case, the formula P^p = {(j)<^ l)A is meaningful. 

Lemma 2.7 

(i) IfO<x<y forxe M{A) and y £ D{P^), then x G D{P^) and < P^{x) < P^{y). 

(ii) If Xi ^ X £ M{A) and < Xi < y for some y £ D{P^), then x G D{P<f,) and P^{xi) — > P,j,{x). 

Proof. Assertion (i) is obvious from definitions. As for (ii), note that x G D{P^) by (i). Fix X £Z 
and e > 0. Then there exists Y £Z such that \\FxP,f>{y — Fy(?/))|| < e. There also exists zq such 
that \\FxP^Fy{x - Xi)\\ < e for all i > iq. Thus 

WFxiP^x) - P4xi))\\ < WFxP^x - Fy(x))|| + WFxP^Xi - FyixM + \\FxP^Fy{x - Xi))\\ < 3e, 

since < FxP^x - Fy{x)) < FxP^y - Fy(y)) and < FxP^Xi - Fy(xi)) < FxP^y - Fy(y)). 

■ 

We proceed to define the potential operator G^j, = Z^J^o -^<^- -^(^<^) ~^ M{A). By definition 
its domain D{G(j^) C M{A) is the linear span of D{G^)j^, where x G D{G^)j^ whenever x > 0, 
X G r\nD{P^) and the series ^5^o-^(^(^) converges. 

By definition (j) is transient if and only if G D{G^) for all s G /, if and only if ^ C D{G^). 
Thus in this case the domain of G^p is dense, but G^ is by no means continuous. 

Note also that if (p is transient, then G^{A) C M{A) by complete maximum principle (see 
e.g. (Ml Theorem 2.1.12]). 

Definition 2.8 We say that an element x G M[A) is 

(i) harmonic if P^{x) = x; 

(ii) superharmonic if x >0 and P^{x) < x; 

(iii) a potential of an element y G L'(G<^)+ if x = G^{y). 

Recall that there exists a strong connection between transience and superharmonic elements: 
<j) is transient if and only if there exist non-constant central (that is, lying in Z(A')) superharmonic 
elements (see e.g. |32[ Theorem 1.16]). 

Lemma 2.9 

(i) If X £ D{G(j,), then G^p^x) £ D{Pfp) and P^G^{x) = G^{x) — x. In particular, any potential is 
superharmonic. 

(ii) A superharmonic element x is a potential if and only if P^(x) in M{A). In particular, 
any superharmonic element which is majorized by a potential, is a potential itself. 
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Proof. In proving (i) we can suppose that x > 0. For any Y £ I the set {FyP^FxG^{x)}x is 
bounded. Indeed, if x„ = Ylk=o^^i^)' ^^^^ FyPcfiFxXn / FyP^FxG^ix) and FyP^FxXn < 
FyPfpixn) = Fy{xn+i — x) < FyG^{x). Hence G^{x) G D{P^). Then by Lemma [TTT iil we deduce 
P^G^{x) = lim PJxn) = hm (x„+i - x) = G^{x) - x. 

n—foo n—too 

To prove (ii) consider a potential x = G^{y). Then by (i) P^{x) = G(j,{y) — y-n-i, where 
Vn-i = Efc=d P^iy)- Thus ^ 0. Conversely, if P^{x) < x and P^{x) ^ 0, then x = G^y) 

with y = X - P^{x), since Ylk=o Psiv) =x- P2'^'^{x) x. 



2.3 Balayage Theorem 

The aim of this subsection is to show that any superharmonic element can be canonically approx- 
imated by potentials. The proof is essentially the same as in the classical theory. However, since 
most classical proofs use some simplifications arising from probabilistic interpretations and the fact 
the Markov operator acts on functions (so the space of self-adjoint elements is a lattice), we present 
a detailed argument. 

For a positive linear functional E C and 1" € T, consider the linear operator 

oo 

P^,Y = Y.\-^i-Fy)P^TFy. 
n=0 

Note that if Fy{x) £ D{G^)+, then x G D{P^y) and P0,y(a;) < G^Fy{x). 
Define also 

oo 

G^ = ^[(.-Fy)P^n.-Fy). 
n=0 

Then D{G^) C D{Gl) and G^(x) < G^{x) for x E D{G^)+. 

Lemma 2.10 For any x G D{G^) and Y £ I, we have G(f){x) G D[P(f,y) and 

G^{x) = Gl{x) + P^,yG^{x). 
Proof. Let x > 0. Set x„ = Efc=o^0(^)- ^ote that 

k 

P} =Y.[{i- Fy)P^f-^FyP^ + [{i - Fy)P^f{i - Fy). 
m=0 

This can be verified by induction as follows: 

k~l 

{i-Fy)P^ = {,-Fy)P^{Y.^{i-Fy)P^f-"^'^FyP^ + [{i-Fy)P^f-\i-Fy)) 

m=0 

k-1 

= E [(^ - Fy)PA^-'^FyP^ + [{l - Fy)P^f{i - Fy). 
m=0 

Consequently 

n k n 
k=0 m.=0 k=0 
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n n—k n 

k=0 m=0 k=0 

n n 

= ^[{l - FY)P^fFy{Xn_,) + Y.[{i- Fy)P^]\i - Fy){x). 

k=0 k=0 

This identity already shows that G(f){x) G D{P^^y)- Indeed, since G^{x) e D{P^) for any A; e N 
by LemmaEll it fohows by Lemma ElZfii) that [{l - Fy)?^,^ Fyixn-k) / [(^ - Fy)?^,^ FyG^{x) 
when n ^ oo. Thus the identity above imphes "^^=^{1- — Fy)P,p\^ FyG fj,{x) < G^{x) for any m G N, 
whence G(j,{x) G D{P(f)y). 

To complete the proof of Lemma it is enough to show that X]fc=o[('' ~ Fy)P<p\^ Fy {xn-k — 
G(j){x)) — > as n — > 00. Since G^{x) — Xn~k < G(f,{x) and G^{x) G D{Pfp Y), there exists no G N 
such that Ylk=no\-('' ~ PY)P(t>\'^ Fy {xn^k — G^{x)) is close to zero for all n > no- On the other hand, 
as we have already remarked, we have [{l — Fy)P^]^ Fy {xn-k — G^{x)) for fixed k as n ^ 00. 
This ends the proof. 

■ 

Theorem 2.11 Suppose (p G C is transient and consider a superharmonic element x G M{A). 
Then for any Y G 2, the following properties hold: 

(i) -P</,,y(x) < X and FyP^,y{x) = Fy{x); 

(ii) if y is a superharmonic element satisfying Fy{x) < FY{y), then P^ y{x) < y; 

(iii) P(^_y(x) is a potential. 

Thus any superharmonic element x is approximated by potentials P0^y(x) in the topology 
of M{A). Moreover, P^^y(x) is the smallest element in the set of superharmonic elements majorizing 
X on Y . 

Proof of Theorem \2.11\ . If 2; is a potential, say x = G^{y)^ then 

X = G^{y) = + P^,yG<^(y) > P^yG^iy) = P^,y{x). 

For general superharmonic x, consider the operator = AP,^ for < A < 1. Clearly x is 
also superharmonic with respect to P\(f,. Since P"^(x) < A"x 0, by Lemma 2.9(ii) we deduce 
that X is a potential with respect to Pa0- Hence P\^y{x) < x. This is equivalent to the fact that 
Y.k=o^^K'' - Fy)P4,]^Fy{x) < X for all n G N and A < 1. Letting A ^ 1 - and n ^ cx), we 
conclude that P0_y(x) < x. The equality PyP(^_y(x) = Py(x) follows by definition. Thus (i) is 
proved. 

If y > is such that P(f,{y) < y and Py(x) < Fyiy), we get 

P^,y(x) = P^,yPy{x) < P^,YFY{y) = Pc^,Y{y) < y, 

where the last inequality follows from (i) applied to y. This proves (ii). 

To prove (iii), we shall first check that P(^^y(x) is superharmonic. Since P0^y(x) < x, we get 

FyP^P^.y{x) < FyP^x) < Fy{x) = FyP^,y{x). 

The same proof as in Lemma l2.9r i) (applied to {l — FY)P(f, and element Py(x) instead of P^ and x) 
shows that (i - Fy)P4>P,i,.y{x) = P<i,.y{x) - Fy{x), so {l - Fy)P<i>P^.y{x) = (/- - Py)P^,y(x). Thus 

P^P^,y{x) = FyP^P^.y{x) + Fy)P^P^.y{x) < FyP^.y{x) + {l - Fy)P^,y{x) = P^.yix), 
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so P(^^y(x) is super harmonic. Hence to prove that it is a potential, by Lemma l2.9r ii) it is enough 
to show that it is majorized by a potential. But we obviously have P^^y{x) < G(f,FY{x). Thus (iii) 
is also proved. 

■ 

The previous proof is quite formal. It is applicable to any positive operator on a complete 
ordered vector space with a given increasing net T of ordered subspaces. We leave it to the 
interested reader to formulate the precise setting for such a generalization. It is worth noting that 
the assumption on the subspaces in X to be monotonically complete, simplifies the proof but is not 
at all necessary. 

2.4 Poisson Boundary and 0-2 Law 

Let (j) G C he a generating state. Following Izumi (12| we denote by H'^{M{A),P^) the set of 
bounded (that is, the elements belonging to M(A)) harmonic elements with respect to and call 
it the Poisson boundary of {M{A),P^). The operator system H°°{M{A),P^) C M{A) has a unique 
structure of a C*-algebra. To distinguish the product on H°°{M{A),P^) from the one on M{A), 
we shall write x ■ y for the product of two harmonic elements x and y. It is proved in [T^ that 

x-y = lim P2{xy), 

n— >oo ^ 

where the limit is in the topology of M{A). In fact, M{A) is a von Neumann algebra, and 
H°° {M [A) ^ Pff,) is a weakly operator closed subspace. Thus i?°°(M(A), P^) is a von Neumann 
algebra. 

Following J2] and JHl we shall presently give several other descriptions of H"^ {M [A) , P^) . 

We say that a sequence {xn^'^^i C M{A) is harmonic if FnP(j,{xn+i) = Xn, where Fn = 
Psupp0" is the projection onto the C*-algebra product of B{Hs), s £ suppc/)". Note that the 
homomorphisms jn introduced in Subsection 12.11 fulfill (jy^^jn = and 

Enjn+l = jnP^, (2.3) 

where En- (M(i)°°, 0°°) ^ ®I^(M(i), 0) is the (/)°° -preserving conditional expectation. Note also 
that since (j)°°jn = we have j„ = j„F„ and Jn|p^(M(i)) is injective. Thus if {xn}'^=i is a 
bounded harmonic sequence, the sequence {jnixn)}^=i is a martingale, so it converges in strong* 
operator topology to an element x € M{A)°^ such that En{x) = jn{xn) for all n G N. Conversely, 
if j; S M{A)°° satisfies En{x) G Imj„, and Xn G F„(M(A)) is the element uniquely determined by 
En{x) = jnixn), then {xn}^=i is a bounded harmonic sequence. 

Any bounded harmonic element x G M(A) defines a bounded harmonic sequence x„ = Fn{x), 
as FnP(f) = FnP(f)Fn+i, which follows from the equality (p^P^ = (p^^^. Conversely, if {xn}^=i is 
a bounded harmonic sequence with Fn{xm) = Fm{xn) for all n, m G N, then the unique element 
X G M{A) such that Fn{x) = Xn for all n G N is harmonic, because 

FnP4,{x) = FnP^Fn+i{x) = F„P^(x„+i) = x^ = Fn{x) Vn G N, 

and U„suppi?i)" = /. It turns out that the assumption Fn{xm) = Fm{xn) is automatically fulfilled 
by the 0-2 law. This law was first proved by Ornstein and Sucheston [22] • The proof was later 
clarified by Foguel ^U] . The same line of arguments works also in the context of non-commutative 
probability. 

Proposition 2.12 Consider a unital positive map P: A ^ A on a C* -algebra A. Suppose there 
exist m, /c G N and a positive map S: A ^ A such that 5(1) is invertible, P"^+^ > S and P^ > S. 
Then lim ||P"+'= - P''\\ = 0. 

n— >oo 
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The name '0-2 law' is due to the fact that if A is an abehan von Neumann algebra, then the 
existence of S means precisely that - P"^]] < 2. Hence, if A is an abelian C*-algebra, then 

either - = 2 for all n G N, or lim ||P"+'= - P"|| = 0. 

n—*oo 

Proof of Proposition \2.1!A Set h = m + k. We claim that there exist positive maps Sij and Tj 
on A such that Sij{l) is invertible and 

P^ih = Sij{i + Py + T] for ah i,j G N. (2.4) 

To this end, take 5ii = \S and Ti = P^ - \S{l + P^) = \{P'^ - S) + - S)P^. We define 

Sij and Tj by induction on j using the equality 

pu+i)h ^ pjhph ^ SijP^'iL + p'^y + TjP^ = SijSii{L + p^y+^ + {SijTi{i + p^ + TjP^), 

so »S'ij+i = 5'ij-S'ii and Tj+i = SijTi{L + P'^y + TjP^. Then we define /Sjj by induction on i using 

pii+i)jh ^ s^jP^^ii + p'^)^' + Tjpj'^ = (5ijPJ''^ + r;5ij)(i + p^)J' + Tj+S 

which proves our claim. 

Applying 1)2. 4|) to the unit, we conclude that ||Tj|| < 1 and \\Sij\\ < 2~K Equation (|2.4() also 
yields 

Wpijh^^ _ pfc)|| < ^ pfcy-(^ _ pfc)|| ^ _ pfc)||_ 

The first term on the right hand side converges to zero as j ^ oo uniformly in i G N, since 

||5.,(. + P^y(.-P^')|| = ||5.,(. + ^(Q-(^;^^))P'^^-p(^-+i)'=)|| 

and the latter expression converges to zero by known properties of binomial coefficients 22 . On the 
other hand, for fixed j, the second term converges to zero as z ^ oo, since ||rj(i - p^)\\ < 2\\Tj\\\ 
We see that under an appropriate choice of i and j the norm \\P^^^ [l — P'^)\\ can be made arbitrarily 
small. Since the sequence {||P"(i — P'^)||}n is decreasing, its limit is therefore zero. 

■ 

Let us return to the proof of Fn{xm) = Fm{xn)- If supp(/>" n supp0™ = 0, then Fn{xm) = 
Fm{xn) =0. If s G supp H suppc/)™, then P^ > cP^^ and P^ > cP^^ for c > such that 
c(t>s < and c<ps < 0"- Thus if I = m - n > 0, then ||P^+' - P||| ^ as ^ oo. Since 
Fn{xm) = FnFmPl{xm+k) and Pm(x„) = FmFnPl'^\xn+i+k) = FuFmP^^^x m+k) , we See that 

\\Fn{Xm) - Fm{Xn)\\ < - P^|| ^ aS A: ^ OO. 

Summarizing the discussion above we obtain (see |121 113j l 

Theorem 2.13 The following linear spaces are canonically isomorphic: 

(i) the space H°°{M{A), P^f,) of bounded harmonic elements; 

(ii) the space of bounded harmonic sequences; 

{m)the space of elements x G M{A)°° such that En{x) G Imj„ for all n G N. 

Explicitly, the correspondence 9 between (i) and (Hi) associates to each x G H°^{M{A),P^) an 
element 0{x) G M{A)°^ uniquely determined by EnO{x) = jn{x). ■ 
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Since £'„(Imj„+i) C Imj„, the space described in part (iii) is, in fact, a von Neumann subal- 
gebra of M{A)°^. As is a unital completely positive and isometric map of H°°{M{A), P^) onto 
this subalgebra, it is a *-homomorphism. Thus 9 is an embedding of H°°{M(A), P^) into M(A)°°. 
Since = e on harmonic elements and (l)°°jn = 4''^, we have (p°°9 = i. 

Izumi observed that H°° (M {A) , Pff^) can be given a nicer description by embedding it into a 
larger algebra. Namely, let U he a unitary corepresentation such that the set of all its irreducible 
components (irrespective of multiplicities) coincides with supp (/). Then there exists a normal state 4> 
on B{Hu) such that 4>\bo{Hu) ajy-invariant and ^iru = (j). Set (A^, 0°°) = (i^Z^{B{Hu),4>)- The 
coactions a^xn of {A, A) on ®z\Bq{Hu) define an ITP coaction a of (M, A) on the von Neumann 
algebra A^. Here M = 'Kr{A)" is the weak operator closure of A in the regular representation vr^, 
so we are considering quantum groups and their coactions in the von Neumann setting. The 
homomorphism <8>Z^7rt/ defines an embedding of (M(A)°^,0°°) into {N,<f>°°), and if we identify 
B{Hu ... Hu) with (g)ZlB{Hu) C A^, then i„ Thus jn{M{A)) coincides with the 

relative commutant 

{B{Hu ® . . . HuTv^- )' n B{Hu ®...® Hu). 
Hence 6{H°^{M{A),P^)) C A^ coincides with the relative commutant (A^")' n A^. 



3 Martin Boundary 

Throughout this section (p is presumed to be a generating positive linear functional in C such that 
\\(f)\\ < 1. If is a state, we shall furthermore assume that it is transient. Note that if ||0|| < 1, 
then M{A) C D{G^) and 110^1^(^)11 = (1 - UWY^ 

Definition 3.1 The Martin kernel for P^ is the linear map : A M(A) given by 

K^ix) = G^{x)G^{h)-\ 

According to Lemma l2.4f v) and the proof of Corollarv l2.5l the linear functional (j) is generating 
and transient. Thus G^{x) is a well-defined element of M{A) for any x £ A. Since cj) is generating, 
the element G^{Iq)Is is a non-zero scalar multiple of Ig, so G^{Iq) is invertible in M{A) for any 
s G /. A priori, therefore, we have K^{x) £ M{A). However, observe that since (j) is generating, 
any positive element x G ^ is majorized by a scalar multiple of Y12=o i-^o) for some n G N. 
As G^P^{Io) < G^{Io), we see that for any x G A+, there exists c > (depending on x) such 

that G^{x) < cG^{Iq). Hence K^{A) C M{A). As G^{Io) is central, obviously is completely 
positive. 

Definition 3.2 The Martin compactification of the discrete quantum group (A, A) with respect 
to Pfj) is the C* -subalgebra A^ of AI{A) generated by K^(A) and A. The Martin boundary A^ is 
the quotient C* -algebra A^/ A. 

We may think of A as the algebra of functions on our discrete quantum group tending to zero 
at infinity, and of M[A) as the algebra of all bounded functions. With this picture in mind any 
unital C*-subalgebra of M{A) containing A plays the role of the algebra of continuous functions 
on some compactification of the discrete quantum group. Note that A^ is unital since Ki{Iq) = 1. 



20 



Suppose {A, A) = (C*(r), A), where F is a discrete group. A state cj) on A = cq{T) is represented 
by a measure fi. Then p^{h,g) = fj.{hg-^). Set G{h,g) = YlnP'P"i^^9) = and 
Gih,g) 
Gie,g) 

where T is the minimal compactification of T for which all the functions g i-^ K{h,g), h £ T, are 
continuous. 



K{h, g) = { , where e = is the unit in T. We have K^ih) = Eg K{h, g)Ig. Thus A^ = C{T), 



3.1 Integral Representation of Superharmonic Elements 

In Subsection 11.41 we introduced a sesquihnear form (•,-)r; associated to a KMS-state rj. Here we 
use a similar definition for the Haar weight tp, so (x, y) t = 'ip{xa^ ^ iu*))- We need not worry about 
domain problems, since we shall always assume that either x, or y belongs to A. 

Theorem 3.3 

(i) For any superharmonic element x G M{A), there exists a bounded positive linear functional u 
on A^ such that {y,x)^ = ujK^{y) for y £ A. 

(ii) Conversely, for any bounded positive linear functional uj on A^ there exists a unique superhar- 
monic element x^^ such that {y,Xuj)^ = uK^{y) for all y £ A. If x^ is harmonic, then = 0. 
Moreover, if supp(j) 'i'^ finite, then x^j is harmonic if and only if io\^ = 0. 

To prove the theorem, we need the following result. 

Lemma 3.4 For x,y £ A we have {P^{x),y)^ = {x, P^{y))^. 

Proof. It is enough to consider (j) £ C D A. Strong left invariance of the Haar weight (p reads as 

0{yP^{x)) = ^{P^s{y)x). (3.1) 

Recall that ■ij} = •) on A. Since A(p"^) = p"^ ® p^^, we have P^g{p~'^y) = P~'^P^s{p-^ ■)^y^- 

We claim that (j)S{p~'^ •) = (j). To prove this we may suppose (f) = 4>s- Since 4>s is ci^-invariant, R is 
a *-antiisomorphism of B{Hs) onto B{Hs), and R{p) = p~^, we have 

(psS = <psr_iR = (t)sO-iR = <PsR = 3-Tr7r5(p-)> 
2 2 ds 

so (/)sS{p~'^ ■) = (ps = 4>s- Thus replacing y by p~^y in ()3.1() we get iil){yP^{x)) = tl^{P^{y)x). It 

remains to replace y by a^{y*) and note that Piaf = erf P^. The latter equality follows from 

2 9 <p 

Aaf = {af (T^)A and the fact that (p is cr '^-invariant. 

■ 

Proof of Theorem \S.M To prove (i) first limit to the case when x is a potential of an element 
xq £ A+. Then we can take lo to be the restriction of the positive linear functional (• G^(Io), xq)^ 

to Aff). Indeed, by the previous lemma we have 

^K^{y) = {G^{y),xo)^ = {y,G^{xo))^ = iy,x)^ 

for any y £ A. A general superharmonic element can be approximated from below by potentials due 
to the balayage theorem. Hence it can be approximated by potentials of elements in A. Thus there 
exists a net {xj}j of positive elements in A such that G(f,{xi) < x and G^{xi) — > x (in the topology 
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of M{A)). Let LJi be any positive linear functional on satisfying ujiK^{y) = {y,G(j,{xi))_^ for all 
y £ A. Note that 

= uJiK^{Io) = {Io,G^{xi))^ = eG^{xi) < £{x). 

Thus we can take for oj any weak* limit point of the net {wjji. 

To prove (ii) note that the pairing (•, on ^ x M{A) defines an antilinear order isomorphism 

between [A)' and M{A). Hence, since ojK^ is a positive linear functional on A, there exists a 

unique positive element x^^ G M{A) such that [-^x^)^ = ojK^. For any y G A+ and X e T, we 
have 

G^iy) = G^P^{y) + y > G^FxP^{y) + y, 
so K^iy) > K^FxP^{y)+yG^{h)-\ whence 

{y,P^Fx{x^))^ = {FxP^iy),x^)^ = u;K^FxP^iy)<ioK^{y)-u{yG^{Io)-') 
= (y, x^)^, - uj{yG^{Ioy^) < {y, x^)^. 

Hence P(j,Fx{xuj) < x^. It follows that x^ G D{P^) and P^{Xi^) < x^. If x^^ is harmonic, then 
{y,P<pFx{x^))^ / {y,P^{xu;))^ = {y,x^)^, so we see that u;{yG^{Io)~^) = 0, that is io\^ = 0. 
Conversely, if lo\^ = and supp(/> is finite, then P^{y) E A and K^{y) = K^P^{y) + yG , so 
{y,P<l>{x^)){j, = {y,Xuj),^ - w(yG^(/o)~^) = {y,Xu;)^. Thus = x^;. 

■ 

3.2 Canonical Coactions 

In Subsection II .41 we introduced several coactions. The aim of this subsection is to show that they 
induce coactions on the Martin compactification and the Martin boundary. 

Theorem 3.5 

(i) The right coaction A of {A, A) on A has the property A(^(^) C M(A(^ A), so it induces right 
coactions of {A, A) on A^ and A^. We denote these coactions by the same letter A. 

(ii) The left coaction ^> of (^, A) on A has the property ^(A^) C A^ A^. It induces left coactions 
of A) on A^ and Afj,, which we again denote by ^. 

The proof is based on the following result. 

Lemma 3.6 liiil Lemma 2.2] For any x G M{A) we have 

(i) AP^{x) = {P^ ® i)A{x); 

(ii) ^P^x) = ■ 

This lemma immediately implies part (ii) of Theorem l3.51 Indeed, we have $G^(x) = {i®G^)^ 

on A (this expression makes sense, since ^{A) C ^ .4). As G^{Io) G Z{M{A)), we have 
^G^{Io) = l(S)G^{Io),so 

^K^ix) = {i0K^)<fix). (3.2) 

This implies ^{A^) G A <^ Afp. Furthermore, since (e /.)<!> = i on ^ (see Proposition ll.7() . 
the assumptions of Corollarv II .4^ ) are fulfilled for the *-algebra generated by K^{A) and A, so 
A Afj, is a coaction. 
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Similarly, part (i) of Lemma 13.61 implies AG^{x) = {G^ ® t)A(x) for x £ A. Here we consider 
i as an operator going from the algebraic direct product Hsg/ ® B{Hs) into Hsg/ ^{^) ® 
B{Hs) =M{AqA). Thus 

AK^{x) = (K^ i)A{x){G^{Io) ® l)(AG4/o)-') = (K^ ® '^)Mx)i{K^ 0A(/o))-^ (3.3) 

Clearly {{K^ O t)A(/o))"^ € ^). To show that AK^{x) belongs to the multiplier algebra 

of A, first notice that M{A^ A) is the C*-algebraic direct product of A^ B{Hs), s £ I. 
Since AJC^(x) G M(A ® we just have to show that {K^ t)((l /s)A(/o)) is invertible in 

M(i) (gi B{Hs), which entails (1 Is){{K^ ® i)A(/o))~^ G ^0 -B(i?s). To this end we need the 
following two lemmas. 

Lemma 3.7 Let r,t £ I and suppose p^{r,t) ^ 0. Then IrPcf)'- B{Ht) B{Hr) is a faithful 
completely positive map. 

Proof. If p^{r,t) 7^ 0, then (j)rP(i> = 4'4'r majorizes a scalar multiple of the state (pt, which obviously 
is faithful on B{Ht). 

■ 

As a corollary, any non-zero superharmonic element is invertible in M{A). 

Lemma 3.8 Consider t £ I and a finite dimensional C* -algebra B. Suppose x £ B{Ht) ® B is 
a positive element such that [uo i){x) is invertible for some state uj on B{Ht) (equivalently, the 
support of X cannot be majorized by a non-trivial projection It®p). Then [K^ i^){x) is invertible 

in A(f, (g B. 

Proof. Pick n G N such that p^„{0,t) ^ 0. By the previous lemma IqP^ is a faithful completely 
positive map on B{Ht), so > ccj(-)/o for some c > 0, whence l> clj(-)/o (8) t on B{Ht) B. 
Then 

(G^ i){x) > {G^P^ 0(x) > c(G^ 0(^(-)^o ® i^){x) = cG^(/o) ® {{u^ ® 
so {K^ (g) > cl ((w is invertible. 

■ 

In particular, the element K^{x) is invertible in A^ for any non-zero positive x £ A. 

Recall that by LemmaO (1 ^)A(/o) G B(Hs) P(i^s) and ((/>5 ® 0((1 ® /s)A(/o)) = 
Therefore (i^^ ® i)((l /s)A(/o)) is invertible in A^(g) B{Hs), and thus A{A^) C M(i<^ A). 
Consequently, A: A^ M{A^ ^) is a coaction by Corollarv 11.4^ 11). 

3.3 Poisson Boundary and States Representing the Unit 

Throughout this subsection we assume in addition that (p \s a, state, so the unit is a harmonic 
element. Let be a state on A^ representing the unit, that is vK^ = (•, 1)^ = tp on A. Since the 

unit is harmonic, the restriction of to ^ is zero by Theorem 13. 3^ 1). Thus v can be considered 
as a state on the boundary A^. Suppose in addition that u is KMS. Then, as in Subsection 11.41 
we can define a dual map K*^:-Ku{A^)" M{A) determined by {K^{x),a)u = (x,K|(a))^ for all 

a; G .A and a G -nuiA^)" ■ As = vK^{x) = i>{x), we deduce that = 1. Thus K| 

is, in fact, a normal unital completely positive map from Tri,{A^)" into M{A). Equivalently, it 
can be described as follows: if o G -KuIA^)" is positive, then K*^{o) is a superharmonic element 
corresponding to the positive linear functional {■,a)u. 
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Lemma 3.9 We have ImK? C H°°{M{A), P^). 

Proof. Since (-,0),^ < v{a)v for a > 0, it suffices to prove the following: if uji and 0J2 are positive 
linear functionals on such that loi < 0J2 and x^^ harmonic, then x^^ is also harmonic. Since 
x^^^ is harmonic and both x^-^ and x^^j ~ ^1^1 — ^^2-0^1 ^^'^ superharmonic, the element x^^^ must 
be harmonic. 

■ 

Notice also that as K^{Iq) = 1, we have ei^? = v. 

Define a dynamics 7 on as the restriction of a"^ to ^(^. As already remarked in the proof 
of Lemma [3.41 we have the equality crfP^ = P^^t ■> s° ^t-^tj, ~ ^(j,^f- Hence 7 is a strongly 
continuous one-parameter automorphism group on A(f,. Since 'yt{A) = A, we also have a dynamics 
on A^, which we denote by the same letter 7. For the coactions $ and A on and A^ we have 

(i) $7t = (Tt®7t)$;^ 

(ii) A7t = (7t ® f_t)A. 

Theorem 3.10 Let v he a weak* limit point of the sequence \ ^^"^^i- Then v is a 'j-KMS state 
representing the unit. 

Proof. Since </>"U is a 7-KMS state, clearly v is 7-KMS. 

Consider the positive linear functional I'K^ on A. We assert that it is u'^-KMS. Since is a 
weak* limit point of and is a convex combination of the states (ps, it is enough to check 
that (psK^ is (T^-KMS for any s G /. As G^{Iq) is central, the element IsG^{Iq)~^ is a scalar 

multiple of Ig, so we need only to consider the linear functional (psG^. But it is the sum of fi'^-KMS 

functionals (^"0s; so it must be cr'^-KMS itself. Thus our assertion is proved. 

Since (ps is a unique (up to a scalar) a'^-KMS functional on B{Hs), to prove that u represents 
the unit, that is i^K^ = ip on A, it is enough to verify this equality on Z(A). In this case we 
can apply the classical theory |261 Theorem 7.2.7]. Indeed, Lemma 13.41 for Lemma l2.4f v)) shows 
that the classical Markov operators P(j,\z(^A) ^4>\z(A) ™ duality with respect to V'l^j-^)- 
Therefore K^\z(^X) coincides with the operator K introduced in [261 Proposition 7.2.3]. Then with 
the notation of our Subsection 12. 11 Theorem 7.2.7 in [5^] states that for any x G Z{A) the sequence 
{jnK^{x)}'^^i C L°°(rj,Po) C M{A)°° converges a.e. to an element jooK^{x) (in particular, it 

converges in strong* operator topology on M{A)°°) and <p°°jooK^ = ip on Z{A). Since 4>^jn = 
this is the same as saying that i^K^ = ip on Z{A). 

■ 

It is shown in [T^ that if we consider our quantum groups in the von Neumann setting, then A 
and $ define right and left coactions of (M, A) and (Af, A) on H^{M(A), Pfj,), respectively. Here 
M = M{A) and M denote the weak operator closures of A and A, respectively, in their regular 
representations. 

Proposition 3.11 Let v he a 'j-KMS state on A^ representing the unit. Regard K*^ as a map from 
A^ to H°°{M{A),P^). Then 

(i) intertwines the left coactions of {A, A) if and only if v is invariant; 

(ii) K*^ intertwines the right coactions of {A, A) if and only if v is quasi- invariant with Radon- 
Nikodym cocycle (K^ (g) 6)A(/o); moreover, if these two equivalent conditions are satisfied, then 
Kl = {v®i)k. 
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Proof. To prove (i) consider for any w G A* the operator 5"^ on M{A) given by 5"^ = (u; t)^- 
Because V'l_B{/fs) = d'^'Ps is <l*-invariant for any s G /, by Proposition II .61 we see that S* = 5^^/? with 
respect to the inner product (•, •)^. Thus {Sa}{x),y)^ = (x, SQR{y))^ if x or y is in A. Analogously, 
consider the operator = {to ® l)^ on A^. Then K*^ intertwines the left coactions, that is 
= (i (g) K*^)^ on A^, if and only if S^K*^ = K*^T^ for all lo G A* . On the other hand, the 
state V is invariant if and only if vT^ = uj{\)v for all uj G A* . The identity (|3.2() can be rewritten 
as T^^K^ = K^Suj- For a G and x G we have 

{S^K*^{a),x)^ = (K|(a),S'<z,ij(x))^ = (a, ^^^^^(x))^ = (a, r^ij,i^^(x))^ 

and {K*^T^{a),x)^ = {T^{a),K^{x))y. So if S^K*^ = K^T^, then taking x = /q, using /sr^(/o) = 1 

and Tqr{1) = u;(l)l, we obtain i'T^{a) = u}{l)v{a). Conversely, if u is invariant, then T* = Toir by 
Proposition II .61 and we get S^^K'i = K*^T^. 

To settle (ii) first notice that y = (K^®t)A(/o) is a cocycle, i.e. {u(^K){y) = (A i.)(y)(y 1). 

This follows from coassociativity of A and 1)3. 3|1 . which can be written as [K^(^i)K{x) = AK^{x)y. 
To see this, we compute 

(i(8)A)(y) = {K^(g) i){i(g> A)A{Io) = {{K^(g) i)A(g> i)A{Io) 
= {AK^ i)A{Io){y 1) = (A i){y){y ® 1). 

Now for uj £ A, consider the operators 5*1^ = (i uj)A and = {i ® uj)A on M{A) and ^(^, 
respectively. As in Proposition 11.61 strong right invariance of the Haar weight ip can be expressed 
by the equality S* = 5-^. 

Suppose K*^ intertwines the coactions of (yl. A). Then for any a G A^j, and a; G .4, we get 

vT^{a) = iKlTUa) = {KlTUa),Io)^ = {S^Kl{a),Io)^ 

Since 'ytK^ = K^af and Aaf = {af 'r_t)A, this equality is equivalent to property (i) in Defini- 
tion 11.91 Thus is quasi-invariant with Radon-Nikodym cocycle y = (K^ i)A(/o)- Moreover, as 
{S^Kt{a),Io)^ = eS^K*^{a) = ojK*^{a) and vT^{a) = uj{v ® i)A{a), we have K*^{a) = {u ® i)A(a). 
Note that the last argument does not use the definition of The very fact that K'^ intertwines 
the coactions implies iT? = ® i)A. 

Conversely, suppose v is quasi-invariant with Radon-Nikodym cocycle y = {K^ ® /,)A(/o). For 
any a, 6 G A^ and uj £ A, Proposition II. lOr ii) yields 

{v ® uj){A{a){b ® 1)) = {v® ujS){{a ® l)A{b)y). 

Taking h = K^{x) for x £ A, and using {K^ i)A(x) = AK^{x)y, we obtain 

{v (g> u;){A{a){K^{x) (g> 1)) = {u (g> ujS){{a (g> 1){K^ (g> l)A{x)). 

Replacing x by ^{x*), this identity can be rewritten as {Ti^{a), Ki{x))iy = [a, K:S-p,{x)),^. It 
follows that K*-Ti^ = Si^K*- for all uj £ A. In other words, K*- intertwines the right coactions. 
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If v is an invariant state for the coaction $ of (A, A) on A^^ it induces a coaction of (j4,A) 
on 'Ky{A(i)). The latter can be extended to a coaction of (M, A) on -k^^A^)" . The reason for this is 
that there exists a unitary on H^p®Hy implementing this coaction (see the proof of ProDosition ll.5|) . 

If is a quasi-invariant 7-KMS state with Radon-Nikodym cocycle y = {K^ ® t)A(/o) for the 

right coaction A of {A, A) on A^, then this coaction is implemented on Hy H^p by the unitary U 
given by 

U{J„ ® J^)y^{Jy ® J^)ia(,u = Ma)iCu ® for a £ A^ and ^ G A^^. 

To verify that U is unitary, recall that R(x) = J^x*J^ for x S M(A). So if we denote by uj^ the 
linear functional (•^,^) on M{A), we get 

(1/ LO^R){{a*a l)(7_i i){y)) 

2 

(i/Oa;5S')((a*a® l)y) 
(i/ a;5)A(a*a) = \\A{a){^^ (g> . 

It follows that A induces a coaction of A) on Tr^{A(p), which can be extended to a coaction of 
(Af , A) on TT^{A^)" . (In fact, Proposition II . 1 11 shows that the particular form of the cocycle y does 
not play any role in this argument.) 

A detailed study of connections between Martin and Poisson boundaries will be given in a 
subsequent paper. For the computation in the next section the following result is sufficient. 

Proposition 3.12 Suppose that the Martin kernel considered as a map from A into has 
dense range. Then 

(i) the map ui ^ x^), which associates a superharmonic element to a positive linear functional 
on A^, is injective; 

(ii) ifu is the unique state on A^ representing the unit, then v is j-KMS and the map tt^{A^)" — > 

H^{M{A), Pfj,) is an isomorphism of von Neumann algebras intertwining the left coactions of 
(M,A). 

Proof. Part (i) is obvious as by definition determines the values of iv on K^{A). It remains to 
prove (ii). Since there always exists a 7-KMS state representing the unit by Theorem 13.101 the 
state u must be 7-KMS and, being regarded as a state on A^, be the weak* limit of the sequence 
{(/)'^|^ in^i- states (p"" are invariant with respect to the left coaction of (A, A) on A^, the 

state v is invariant as well. (Another way to see this is to note that the state ((/9(8>z/)$ also represents 
the unit and is invariant.) It follows that we have a well-defined coaction of (M, A) on 'ir,^{Aip)", 
and X| intertwines this coaction with the coaction on H^{M(A),P^). We need now only to prove 

that is an isomorphism. Since K^{A) is dense in TTu^Aff^)", obviously is injective. Let 

x £ {M (A) , Pfj)) be positive and non-zero. Suppose uj is the unique positive linear functional on 
Afj, representing x. Then the linear functional v — \\x\\~^uj represents the positive harmonic element 
1 — Since such a functional is unique and positive, clearly to < \\x\\h'. Hence uj = (-,0)^ 

for some positive a £ -Ku^A^)" . Then K*^{a) = x, so K| is a bijection. Moreover, it maps positive 

elements of TT^^Afp)" onto positive elements of H°°{M(A),P(i)), so the inverse map is positive. Since 
is also unital and 2-positive, it is a *-isomorphism (see e.g. Corollaries 2.2 and 3.2]). 
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4 Martin Boundary of the Dual of Quantum SU(2) 

In this section (A, A) will denote the compact quantum group SUq{2) of Woronowicz (H^j. We 
assume that the deformation parameter q lies in (0, 1), but our results are also true for q £ (—1, 0). 
So A is the universal unital C*-algebra with generators a and 7 satisfying the relations 

Q Q + 7 7 = 1, aa +(777 = 1, 77 = 77, 

= Q'ya, aj* = qj*a. 
The comultiplication A is determined by the formulas 

A(a) = a (8) a — (77* 7, A(7) = 7 (g) a + a* (8> 7. 

Recall that the Haar state (/? of {A, A) is faithful [2P (see also The characters fu, t G M, on ^ 
can be extended to bounded characters on A which we denote by the same symbols. 
Consider the C*-subalgebra B oi A given by 

B = {a £ A \ fit * a = a yt e R}. 

Then A and $ (see Proposition ll.7() induce a left coaction of (^4, A) on B and a right coaction of 
{A, A) on B, respectively. The C*-algebra B with the left coaction of {A, A) is the quantum homo- 
geneous sphere of Podles. Note that Podles considers right coactions, so he deals with T\SUq{2), 
while we consider SUq{2)/T. 

We are now in the position to state our main results in this section. 

Theorem 4.1 Let (j) = '^gXs4>s & C be a generating state. Suppose XgdimHs < 00. Then 
there exists an isomorphism A^^B which intertwines the left coactions of {A, A) and the right 
coactions of {A, A) . 

Thus the Martin boundary of the dual of quantum SU (2) is identified with the quantum ho- 
mogeneous 2-sphere of Podles. The result is also valid for \\(j)\\ < 1. Under this assumption the 
corresponding result for ordinary SU{2) was first established by Biane ;7\ 

Theorem 4.2 Retaining the assumptions on (j) from Theorem \41[ there exists a unique state v 
on A(j) representing the unit. The dual map K*^:TTy{A(f,)" — > //°°(M(A), P^) is an isomorphism 

intertwining the left coactions of{M,A) and the right coactions o/(M, A). The composition of 

with the isomorphism B^A^p from Theorem \4.1\ is given hy b ^ {(p ® i)(^{b). 

Thus one can think of H'^{M{A), P^) as the algebra of bounded measurable functions on the 
quantum homogeneous sphere. 

In the case when supp(/) is finite, the fact that the map Q = <Si gives an isomorphism 
of ir^{B)" onto H'^{M{A),P^) was established by Izumi 

The rest of this section is devoted to formulating and proving more precise versions of these 
results. 

4.1 Quantum Spheres and the Dual of Quantum SU(2) 

First recall that A is the *-subalgebra of A generated by a and 7. The coinverse and the counit 
on A are given by 

S{a)=a*, 5(7) = -97, e{a) = I, e{j) = 0. 
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The characters fz are defined by 

/.(7)=0, Ma)=q-\ (4.1) 

From the point of view of representation theory it is convenient to introduce the quantized 
universal enveloping algebra Uq{su2)- It is by definition the universal unital *-algebra generated 
by elements e, /, k, satisfying the relations 

/cfc-i = /c-ifc = 1, ke = qek, kf = q-^fk, ef-fe= ^-—(k'^-k''^), 

q-q-^ 

k* = k, e* = f. 

The algebra Uq{5U2) is, in fact, a dense subalgebra of A' = M(A) and the restrictions of A, S" and 
i to Uq{su2) turn it into a Hopf *-algebra. Explicitly, 

A{k) = k(^k, K{e) = e®k'^ + k® e, k{f) = f k'^ + k ® f , 

S{k)=k-\ Sie) = -q-'e, §{/) = -qf, 

i{k) = l, e{e)=i{f) = 0. 

The set / of equivalence classes of irreducible representations is identified with the set of 
non- negative half-integers. Note that dimHs = 2s-|- 1. The basis for Hg is chosen in such 

a way that 

^s{k)^: = q-'e!^ (4.2) 

= {[s + i]q[s-i + l]q)"HU, (4.3) 

^s{mt = {[s-us+i + i]q)"nt+i, (4.4) 

where [n\q is the Q'-number for n, so 

\n\n = ^. 



The fundamental corepresentation corresponds to spin s = ^. Thus 

- - 

e.g. u'^ I 1 = a and ul 1=7. The formulas (|4.2H4.4() for s = ^ and ()4.5() determine the 

pairing between (^, A) and {Uq{5U2)-, ^) uniquely. Since k \s a. character on A, the formulas (|4.1|1 
and (|4.5j) show that 

p = k-'^. (4.6) 

In particular, for the quantum dimension we have ds = [2s + l]q. Also the basis {Cf}i satisfies the 
conventions of Subsection 11.31 in that tTs{p) is diagonal. Introducing matrix units mfj and nfj as in 
that subsection, we get the following identities. 



Lemma 4.3 

(i) s = s and nfj = (-l)*~-'mij 

(ii) J^iuf^) = {-if-^d-^q-'-^mU,-, and (ufj)* = {-If-^ q~^+^uU,^j; 

(iii) a*nj^. = d~\q-^+ns+j + Ijqu",! , + g^+^'+^s " jlaCf , , i)/ 

1 

(iv) n^= ' {a*y^^Y-K 
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Here 



' , where (a; r)„ = 11 (1 — or*) for n > 1 and (a; r)o = 1. 
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Proof of Lemma \4.3\ It is well-known that any unitary corepresentation of SUq{2) is self-conjugate. 
Explicitly, using H4.2H4.4() and (|4.6|1 it is easy to check that the unitary Jg- Hg — > Hg given by 
Jg^j = where [j] is the integral part of j, intertwines vr^ and tt-^t, as 



Thus s = s and R{x) = JgX*J^^ for x € B{Hg), where Jg is the antilinear isometry on Hg given 
by Jg^ = (see Subsection HSl). Hence nf^- = (-l)*"^mi. 

Now (ii) follows from (i) and Lemma ll. II Part (iii) is a particular case of the formulas for the 
Clebsch-Gordan coefficients H^j (see e.g. for more details). The formula in (iv) is from j2Ul 
Theorem 1.8]. 

■ 

Let a: B ^ A B he a left coaction of {A, A) on a unital C*-algebra B. For s € I, consider 
the spectral subspace 

B{s) = span{((/? i){{a* l)a(6)) \ b £ B, a G span{ n|j}jj}. 

Podles 123] classified the coactions satisfying three additional properties: -B(O) = CI, B{1) has 
multiplicity one (equivalently, dimi?(l) = dim//i = 3), and B is generated as a C*-algebra 
by -B(l). Such pairs {B,a) he called quantum spheres. They are classified by a parameter 
c G {—{q"' + q^^)^"^ I n = 2, 3, . . .} U [0, oo]. The corresponding algebra B is denoted by C(S'g ,,). 
We are not interested in C{S'^^^). For c ^ oo, the algebra C{Sq J} is the universal unital C*-algebra 
generated by elements Xq and Xi satisfying the relations 

Xli = — g-'i^i, = -'^o, 

Xl + + XlXi = 1 + (g + 9-^)^0, 

gXiXo - q-^X^Xi = (g-i - (4.7) 
{q-^ - q)Xl + - = -(g"^ - q)Xo. (4.8) 

The coaction a is uniquely defined by the identity 

1 

a{Xj) = u]k ^ Xk, j = -1,0, 1. 

k=~l 

For c = — (g^*"*"^ + (7^^''^"'^)^^, s G ^N, the quantum sphere {C{Sg,S),a) is nothing else than 
{B{Hg), ag). Thus there exist uniquely determined generators X| G B{Hg), j = —1,0,1, to be 
displayed in the result below. 

— q^ f ^ 

Lemma 4.4 Set X-i = ~qfk> Xo = 1 — o.'nd xi = q^^- Then X| = \~^T\-g{xj), where 

^" (g-g-i)7[2i; ■ 
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Proof. See Lemma 4.1 and Lemma 5.7 in fT7. For the sake of convenience we sketch a proof. 

The fact that Xj = vrs(xj), j = —1,0,1, is a basis in the spectral subspace of B{Hs) corre- 
sponding to spin 1, that is 

1 

$(1|)= u]^®Xl (4.9) 

k=-l 

is deduced using the adjoint action. Namely, if we set adX = [X /,)<!>, the mapping X ^ a.dX 
is an antirepresentation (i.e. linear but antimultiplicative) of Uq{5U2) on A. Thus, to check (|4.9I) it 
suffices to verify the equality 

1 

(adX)(X|)= 7Ti{X),k^X'k 

k=-l 

for X = e, f, k, k^^ . The coefficients Tri{X)jk can be read off ()4.2H4.4I) . On the other hand, the 
adjoint action can be computed explicitly. Namely, if A(X) = then (adX)(x) = 

S{X^)xYi. Thus 

{ad k) (x) = k^^xk, {a.de){x) = -q^^exk^^ + k^^xe, {a.d f){x) = -qfxk^^ + k^^xf. (4.10) 

Once we know that X|, j = —1,0,1, satisfy (|4.9jl . then Xj = AsX| for some As G C. This 
follows immediately from irreducibility of U^, the fact that B{Hs) = (Bn=oB{Hs){n) and that each 
spectral subspace B{Hs){n) has multiplicity one. The constant As is uniquely determined by (|4.7j) 
or (|4.8() . So a direct computation yields As as in the formulation of Lemma. 

■ 

Define A G M{A) by requiring '7rs(A) = Xsis- It is a straightforward computation to verify that 
1, 2 ^ s f Q^k — q''^k^^\ 



X = —^={C + — ^nrf)! where C = fe+. 



is the Casimir element. So A belongs to the center of Uq{su2). 

The sphere (C(5|q), a) is a distinguished one. If Xq, Xi are its canonical generators, then 
the map Xj i— > —u^q extends to an embedding of C{SgQ) into A, which intertwines the coaction 
on C(5gQ) with the left coaction A of {A, A) on A. Under this embedding C(5|o) is identified 
with the subalgebra 

B = {ae A \ fit*a = ayteR} 

of A introduced at the beginning of this section. In particular, the algebra C{S'^q) also carries a 
right coaction of {A, A). We shall give one more description of C{S'^q), which will be pertinent in 
the sequel. 

Let ^' be the unital C*-subalgebra of M{A) generated by A and the elements A~^Xj) J = ~1) 0) 1- 
Proposition 4.5 

(i) The algebra ^has the properties <1>(^') C Af^i^ and A(^) C M{^<^A), so we have well-defined 
coactions of {A, A) and (^, A) on ^ and the quotient (T -algebra ^/A. 

(ii) There exists a unique isomorphism u: C(S'^g)^^/j4, which maps Xj to X^^Xj (mod^J and 
intertwines the left coactions of {A, A) and the right coactions of {A, A). 

Proof Since $(A"^Xj) = Ylk=~i ^]fc (A~^Xfc) by Lemma ITU we obviously have $(^') C A (g) 
Furthermore, the homomorphism <I> is a coaction of {A, A) on ^' by Corollarv ll.4f i). As 7rs(A^^Xj), 
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j = —1,0,1, are the canonical generators of C(S'^ where c(s) = —(q'^''^^ + q '^'^ ^) ^, and 

because c{s) — > as s ^ oo, the elements X~^Xj niodj4, j = —1,0,1, satisfy the same relations 
as the generators of C(S'^q). Thus there exists a surjective *-homomorphism a:C{SgQ) — > "^/A, 
which maps Xj to A~^Xj (modulo A) and intertwines the left coactions of {A, A). Since "if / A is 
non-zero, by Podles' classification, this homomorphism must be an isomorphism. 

The assertions that A('I') C (g) A) and that the isomorphism a intertwines the right 

coactions of (A, A), will be proved in Subsection 14.31 below. 

■ 

The elements Xj> j = ~1) 0, 1, and A — AqI span the 4-dimensional quantum Lie algebra associ- 
ated to the 4Z)+-bicovariant calculus of Woronowicz [351 El, so da = ^j(xj*a)a;j + ((A — Aol)*a)u; 
in that context. Thus we can think of Xj; j = ~1)0, 1, and A — AqI as left-invariant first order 
differential operators, and ^ as the C*-algebra of left-invariant pseudodifferential operators of order 

zero on SUq{2). Then the composition ^ — > ^f/A °— > C(5g g) should be thought of as the principal 
symbol. 

Before we embark on proving Theorem 14.11 we end this subsection by giving some heuristic 
reasons for why this result should be true. 

The restriction of to the center, which is isomorphic to co(Z_|_), is not given by a convolution 
operator on Z. However, it is not far from being such an operator. Thus the theory of random 
walks on Z suggests that the Martin compactification of the center is obtained by adding one point 
at infinity. Now let H he a copy of Hi in A, that is, there exists a basis Xj, j = —1, 0, 1, in H such 
that ^{Xj) = Yl\=-i^]k ® -^k- Since commutes with <I>, the elements K^{Xj), j = —1,0, 1, 
have the same property as the elements Xj. Hence, for each s G ^N, there exists a constant Cs 
such that K^{Xj)Is = CsX^^Xjh- The function 3 s Cg (which is easily seen to be bounded) 
embodies certain properties of the random walk on the center, so it is natural to assume that it 
extends to a continuous function on the Martin compactification. Then the fact that the boundary 
consists of one point means that — > c G C as s ^ oo. So, modulo A, we have K^{Xj) = cX~^Xj-, 
and therefore K^[H) C ^ . Moreover, if c 7^ 0, then ^ C A^. This argument can be repeated for 
all spectral subspaces (recall that both C{S^q) and A have non-zero spectral subspaces for each 
integer spin), so we get K^{A) C Thus A,^ C and finally = ^' if at least one of the 
functions s ^ Cg has a non-zero limit at infinity. 

4.2 Random Walk on the Center 

The aim of this subsection is to describe the asymptotic behavior of the Martin kernel on the center. 
But let us first make some remarks. 

Since q < 1, we have n < [n]q for any n > 1. Hence by Theorem 12.61 any state (p £ C 
with suppc/) 7^ {0} is transient. It is worthwhile to note that this result is also valid for ordinary 
SU{2). This can be deduced from the existence of potential kernels for recurrent random walks 
on Z (see e.g. |2H1)- Nothing like the estimate in Theorem 12.61 is. however, available. For example, 
if we consider the random walk corresponding to the fundamental corepresentation (so q = 1 and 
(j) = cj}i), then the probability of return to at the nth step is given by the semicircular law, that 

is p0n(O,O) = f J^^eVl^dt. 

It is known that C/'^ x ~ X^ri|s-t| follows that (j) is generating if and only if (supp</>) Pi 

(i + Z+)7A0. 

Since any unitary corepresentation is self-conjugate, we also have (p = 4> for any positive (j) £ C. 

Let now G C be a generating positive functional with ||0|| < 1. Set g^{s,t) = X]^S=o?'0"('^' 
so G^{It)Is = g(j}is,t)Is- We want to describe the behavior of the function g^[s,t) as s ^ 00. For 
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this we could apply the results of Biane [7j for ordinary SU{2). Namely, let us for a moment write 
the superscript 'c/' for the states on the dual of SU{2). If </> = ^^'Ps, we set cp"^ = \s^^^^(j)f. 
Then using Lemma 12.41 and the facts that the fusion coefficients N^g are independent of the defor- 
mation parameter q G (0,1], it is easy to see that p^{s,t) = '^"^ p^d {s,t) ^^^jj^ ■ In other words, 
the element J2s ^^^^s is an eigenvector for with eigenvalue Ag '^'™^^ , and if we consider 
the Doob transformation of Pcf)\z(^) with respect to this eigenf unction, we get an operator corre- 
sponding to the deformation parameter q = I. Then we can apply the results of Biane to cj)'^'' (note 
that even if (/>(!) = 1, we have 4''^\l) < 1). We will instead give a slightly different but more direct 
proof. 

Consider the von Neumann algebra L{T) = /°°(Z) of the circle group T. Since p is an operator 

with pure point spectrum q^, we have an embedding of L{T) into M(A) given by e** i— > = p" i°s « . 
Since A(/>) = p ® p, this is an embedding of Hopf algebras. It follows that P = P<^|;oo(2) is 
the operator of convolution with the measure (t)\ioo(j^y Let {en}nGZ be the canonical projections 
in so 

1 



2tt 



If we set p{n) = (/>(e„), then P{em)en = p(?7i — n)e„. 

Lemma 4.6 We have p^{s,0) = j-(g^''p(-2s) - g^''+^p(-2s - 2)). 

Proof. It is enough to check this for (p = 4>f In this case P^{Io) = dt'^h- So p<^(t, 0) = and 
p^{s, 0) = for s / t. On the other hand, p{n) = d^^q"^ if n e {-2t, -2t + 2,..., 2t}, and p{n) = 
otherwise. 

■ 

There exists a unique 6^ > such that (f){p~^'>') = 1 (note that the function f{t) = 4>{p~^) 
is convex and /(-2 - t) = f{t) as Mp'^) = C^Tr ^s(P"^~*)> and /(O) = 4>{l) < 1). Since 
p~^'i>en = q"'^'f'en, this is the same as to require X^^g^ 9"^'*p(^) = 1- Suppose (f> = ^g)^s4's- From 
this point onwards we assume that 

sq-^'^^Xg < oo. (4.11) 
Equivalently, Ylnez \'n\q^^'t'p{n) < oo. Then we set 

Note that \^ < as q < 1. 

Proposition 4.7 With notation as above we have 

5<^(s,0)~-A^\l-g2+2^^)- 

In particular, ^"^^ ^ q"^^^"*" as s ^ oo. 

9<f>{s,0) 



,2s(l+<5^) 

as s ^ oo. 



ds 
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The precise values of the constants are unimportant for the computation of the Martin boundary. 
What matters is that ^g^J^^^g)^^ converges to some number in the interval (0, 1), and that for states 
this number is independent of the particular choice of (j). 

Proof of Proposition \J7^ Set p{n) = q'^^'i>p{n) and g{n) = YlT=oiP*'')i^)- Then by the renewal 
theorem for Z (see [2H1 Proposition 24.6]), the sequence {g{n)}n tends to — as n ^ —oo. On the 

other hand, if (7(n) =^^^o(p*^)(n), then =g"^^5N- As g^{s,0) = !^{g{-2s)-q^g{-2s-2)) 
by Lemma EH we get the desired result (note also that dsd~^ i ^ g as s — > oo). 

■ 

Corollary 4.8 The Martin compactification of ^1^^ with respect to P(t>\z<^X) ^-^ obtained by adding 
one point at infinity. In particular, if (f) is a state, then the constants are the only central harmonic 
elements with respect to P^. 

Proof. Since x U"" ^ TI's=\r-t\ , by Lemma Eitiv) we get P<^,(/^) = El=\r-t\ irjs- As the 
algebra C is commutative in our case, we get 

G^{It) = dlG^P^,{h) = djP^fi^{Io) = dl g^{r,0)P^,{Ir), 
whence g^{s,t) = ^^(r, 0) . By Proposition 14.71 we conclude that for any t £ ^Z+, 

r=\s-t\ 

there exists a constant ct (depending on <p) such that gff,{s.,t) ~ as s — > oo. Thus 

^ g<t>[s,0) Co 

■ 

4.3 Martin Boundary 

Here we will prove Theorem 14.11 and complete the proof of Proposition 14.51 

First, analogously to f^; we compute the action of the Martin kernel on certain elements of A. 

Proposition 4.9 Let (p £ C be a generating positive functional which has norm not greater than 
one and satisfies condition | |^.ii| ). Set A = YlsQ~'^'^^s- Then K<^.F((a*)") = pn{X~^k'^) mod A for 
n > 0, where pn is the polynomial of degree n defined by the recurrence relation 

Pn+l{x) = C^Pn{x)x - C^^Pn{q~^ x){x - 1), po = 1, 

where c^ = q^^^<i> . 

Proof. We shall prove by induction on n that there exist constants an{s,m), n > 0, < m < n, 
s G such that 

n 

G^J^iiaT) = E E an(.s,m)q^^'e"'Is, 

s m=0 

and obtain a recurrence relation for an{s,m). 

To do this, for a £ A, consider the operator Qa on M(A) of left convolution with a, i.e. 
Qa = {i'<?) a)A. Then P<^Qa = QaP<j)- As J^{ah) = Qa^{h), we have P^J^{ab) = QaP^^{h) for any 
a.,b £ A, so G(f,!F{ab) = QaG^J^{b). Hence 

n 

G^J^{{a*r^') = Q^*G^H{^T) = J2Y1 «n(s,m)g2-g«.(A;2™/,). (4.12) 

s m=0 
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By Lemma l4.3r ii) and formula (|4.2j) . we have 

s s 

k^^I^ = q~^"'^m'jj =dsYl q'^^'^'^^Hu-j^-j)- (4.13) 

j=-s j=-s 

Finally, by Lemma l4.3f iii). 



«+2 * * 2 



Using H4.12() - ()4.14p a tedious computation yields 

a„+i(s,m) = —2^-^— -2^(^-g-2(™-i)a„(s- -,m- 1) 

+g"^™an(s - ^, m) + a„(s + ^, m - 1) - g'^''+^a„(s + ^,m] 

We also have ao(s,0) = (7(a(s,0). Since — ^' — > c,/, = g^"'''^'* as s ^ oo by Proposition 14. 71 we 

0) 

Qi' is Tft ) 

see that for any n and m, < m < n, there exists a finite limit an{m) = lim " ' — — , and these 

9<l>{s,0) 

limits satisfy the recurrence relation 

an+i{m) = -c^ig-2(»n-i)^^^^ _ -^-^ ^ c'^j^^q-^'^anim) + c^a„(m - 1). (4.15) 

Thus if pn is the polynomial with the coefficients a„(m), so Pnix) = Ylm=o^n{^)x"^, then as 
X-^k'^ G M(i) and 

s m=0 ^'^^ ' ^ 

we conclude that i^^J^((a*)") = p„(A~-'^A;2) mod^. Condition H4.15() can be written as pn+i{x) = 
C(f)Pn{x)x — c^^Pn{q~'^x){x — 1). The leading coefficient of pn equals 

{c^ - c^\-'^"'-'Mc^ - c^^g-2("-2)) . . . (c^ - c^') = (-l)^-"("-^)c^"(4;^')n. 
As C0 < 1, it is indeed non-zero, so p„ is a polynomial of degree n. 

■ 

Theorem 4.10 Let (p ^ C be a generating positive functional which has norm, not greater than one 
and satisfies condition ^.11^ . Then 

(i) the Martin compactification coincides with ^ and, moreover, the linear subspace K^{A) + A 
is dense in ^; 

(ii) if (j) is in addition a state, then the Martin kernel K^, regarded as a map A ^/A, is 
independent of the particular choice of (j). 

Proof. By Lemma 14.31 we have u^^ = (a*)^* and J-{Ugg) = ^ — m^g_g. Thus Proposition 14.91 
together with the fact that AA""*^ G CI + A, imply 

span{K<^(mi,^_J | s G ^Z+} + A = ClX'^k'^] + A, 
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where C[A ^k'^] is the unital algebra generated by A ^k'^. On the other hand, it is easily checked 
that 

Xo = -X + ^^k'. (4.16) 
q-q-^ 

Thus, we get span{i^^(mi^ _ J | s e ^Z+j + A = C[\~^xo] +Ac'^. 

Note that the minimal ^-invariant subspace of A containing mf_<, that is, the subspace 
spanned by the elements (w 03 L')^{'m^g _g), co G A*, coincides with B{Hs). Indeed, this amounts 

to saying that Tn^_g g IS Oil cyclic vector for the adjoint action of Uq{5U2) on B{Hs), which in 

turn can easily be verified using (|4.2|) - (|4.4|) and the formulas (|4.1Up for the adjoint action. As 
^K^ = {l(SiK^)^ by H3.2|) . we conclude that K^{A) C ^. Furthermore, the linear space K^{A) + A 
coincides with the minimal A-invariant subspace of ^' containing both C[A~^xo] and A. 

Similarly, if X-i, Xq, Xi are the canonical generators of B = C(Sgg), then the minimal A- 
invariant subspace of B containing Xq, for all n G coincides with the *-subalgebra B oi B 
generated by Xj, j = —1,0,1. Indeed, Podles proved that B = (B^=QB{n), each spectral 
subspace B{n) has multiplicity one, and (CI + B{1))^ C B{n) = (Bm^QB(m). Thus to prove the 
claim it is enough to check that Xq S B{n)\B{n — 1) for any n G N. To this end consider the 
automorphism T = {k®i)a of B. As is the only 7rs(fc)-invariant vector in Hg by formula (|4.2|) . the 
space of T-invariant vectors in B{m) is {m + l)-dimensional. Since T{Xq) = Xq, we conclude that 
if Xq G B{n — 1), then the elements l,Xo, . . . ,Xq are linearly dependent. This is a contradiction 
(because e.g. Xq = A~^xo rnodA). 

It follows that modulo A the space K^{A) coincides with the *-algebra generated by X^^Xji 
j = —1,0,1. This proves part (i) of Theorem. To show (ii), note that by Proposition 14.91 the 
element Krf,{m'^_g mod^ is independent of the choice of the state (p. As we explained above, any 
element in ^ is a linear combination of elements {uj ® i)$(mi^ _^). Since K(i,{uj (g) i)^{m'Ls-s) = 
(lo (g) i)^K(i,{m'Ls we see that K^jj, regarded as a map from A to "if / A, is independent of the 
state (p. 

■ 

Theorem 14 . 1 1 would now obviously follow from Theorem 14. 101 and Proposition U21 However, the 
proof of Proposition 14. 51 is not yet complete. We shall now focus on how Theorem 14. 101 can be used 
to complete the proof of this proposition. Due to the fact that ^{A^) C M{A^ (g) A), we conclude 
that A(^) C M(^ (g) A). Thus there are well-defined right coactions of {A, A) on ^ and ^/A. It 
remains to show that the isomorphism cr: (7(5^ g)^^/^ intertwines the coactions of {A, A). 

Let K be the map from A to ^/A defined by K(x) = K^(x) mod^, where 4> is any generating 
state in C satisfying condition 1)4. llj) . Let u be the state on^/A = A^ representing the unit, that is 
vK = ip on A. By Proposition 13 . 1 2^ 11) and Theorem l4.10r i') such a state is unique and ^-invariant. 
Since C{S'^ q) C A, the state tp\(j(^g2 ^^-^ is the only invariant state on C(5g g). Hence va = tp\(j(^g2^^y 
By Proposition ILl^jT ii). the state ip on A \s quasi-invariant with respect to the right coaction of 
(i. A) with Radon-Nikodym cocycle y = W{1 ® p-^)W*. Note that y G M{C{SIq) A) as 

and fz * (u^i^Uji)*) = ii|j(n^j)*. Thus ip\(j(^g2^^ is quasi-invariant with Radon-Nikodym cocycle y. 

The results of Subsection suggest that {K (g l)A{Io) G M{^/A A) is the Radon-Nikodym 
cocycle for u. Thus if a: C{S'^q) / A intertwines the right coactions of (A, A), we should expect 

(cj0O(y) = {K®i)A{lQ). 

Proposition 4.11 We have [a i){y) = {K ® i)A(/o)- 
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Proof. Set 4. = j:L-sf-2KKii^ji)*- By LemmaO 



mlj. 



Thus we must prove that (7{yfj) = KJ^{ufj). We shall first verify this identity for i = j = s. As 
already remarked in the proof of Theorem I4.1U1 we have u^g = (a*)^*. By Proposition 14.91 it is 
enough to check that y|g = p2s{a), where a G C{Sg Q) is determined by a{a) = A~^fc^ mod^, and 
the polynomials Pn, n >0, are defined according to the recurrence relation 

Pn+i{x) = q^Pn{x)x - q''^pn{q''^x){x - 1), po = 1. 

To find the element o, note that by definition of A (Lemma I4.4() and A, we have 

1 



A 



-1 



(9 



:A mod A, 



so (BTTTHl and the definition of a: C(5^ o) ^ / A yield 

aiXo) = A-^xo (modi) = -1 + (j^odi) = -! + (! + q^VX-^k"^ (modi). 

q-q ^ 

Since Xq = — Mqq, the element Xq can be found by applying Lemma H^T iii) to s = ^, j = — ^. As 
1 

1 1 = a, Uqo = 1 and a*a = 1 — 7*7, we get Xq = — 1 + (1 + 5^)7*7 (though we don't need 

them, the two other generators are given by X^i = q\2\qOL^* and X\ = — -y/gp]^a*7). Hence 
a = 7*7. 

By Lemma l4.3r iv) we have 



Vs 



j=-s 



2s 
s + j 



To prove that y^^ = P2s{l*l), we introduce the polynomials fn,in-, n > 0, m > 0, by 

/n,m(x) = g-2--x"(l - X)(l - g-^x) ... (1 - <?-2{'-l)x) = 



We assert that (a*)'"(7*7)"'a'" = fn,m{l*l)- As 0*7*7 = 1 ^7*7Q^*, we need only to show that 
(a*)™a"^ = (1 - 7*7) ... (1 - g~2('n-i)^*^)_ sij^pg _ = (1 - 5-2(^+1)7*7)0*, this is 

easily verified by induction on m. It follows that yf^ = ^2^(7*7), where 



P2s{x) = E ^ 
j=-s 



2s 
s + j 



fs—j,s+j{x)- 



It remains to prove that p„ = Pn, or equivalently, that the polynomials pn, n > 0, satisfy the 
relation 

P2six) = q^p2{s-\){x)x - Q~'^P2(s-l)il~'^^)ix - 

Using the identities 



2s 




g2(s+j) 


"2s - 1' 


+ 


2s - 1 


s + j 


g2 




s + j 


g2 


s + j-1 
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and q'^'^-''^^'^ fs-j,s+j{x) = fs-j-i,s+jix)x and fs-j,s+j{ 
polynomial p2s equals 



s-l 



■4j 



2s - 1 

s + j 



fs~j~i,s+j(.x)x + ^ q '^^ 

j=-s+l 



= fs-j,s+j-iiQ — x), we see that the 

\ fs-j,s+j-i{q'^x){l-x). 



The first summand is q 



4i 



2(s 



1 



+ j 



f. 



s-k-j,s~^+j 



{x)x = q P2(s-i)(^)^' whereas the 



second one is '7^^P2(g_ i — x). Thus p„ = p„ and we have demonstrated the equality 

Consider now the linear maps Ti: B{Hs) — > C^S^q) and T2: B{Hs) / A given by 



By Lemma ESfii) the map T2 is just K\q(^jj_^-^, so it intertwines the left coactions of {A, A), i.e. 
= (i (8) T2)<I>. By the same lemma we also have 



Since 



'jm 



and $(m|^-) = U'*{1 m-l^)U' = 5^(n|„)*n|„ m^^, 



we see that Ti also intertwines the left coactions of (A, A). Therefore the maps aTi and T2 
intertwine the coactions of {A, A) and coincide on the element mtg _g- Since the minimal A- 
invariant subspace of B{Hs) containing m'Ls^^s is the whole of B{Hs), we get aTi = T2. Hence 
^{yfj) = ^^{ufj) for all i and j. 

■ 

The following corollary completes the proof of Proposition 14.51 and thus also of Theorem 14.11 
Corollary 4.12 The isomorphism ct: C(S'^q)^^/j4 intertwines the right coactions of [A, A). 

Proof. The elements y = W{1 p-^)W* G M(C{SIq) A) and y = {K i)^(^o) e M(^'/i A) 
are invertible cocycles for the right coactions of {A, A). As {a = y we get 



{a(g)L(g)L){<l>(g)L){y) = {a(g)L(g) A){y){y ^ 1)) = (/, A){y){y ' 1) = (A L){y). 

Thus (cr i)^{a) = Aa{a) for any element a of the form (t 6<j)(y), a; G and therefore also for 
any element in the C*-algebra generated by (t w G ^. Since (z. u)){y) = K{i u;)A(/o), 

the set of elements {l uj G ^, is identical to K{A). The set K{A) is dense in ^'/j4 due 

to Theorem I4.10r i). Since a is an isomorphism, the set of elements {l oj){y), a; G is dense 



in C(S'gQ) as well. So a intertwines the right coactions of {A, A). 



Now since va = 9J, the state (p\ 



is quasi-invariant with Radon-Nikodym cocycle y 



W{1 p ^)W* and (a = (iT /-)A(Io), we obtain the following result. 

Corollary 4.13 The state v on ^'/A is quasi-invariant with respect to the right coaction of (A, A) 
with Radon-Nikodym cocycle (-fC l)A{Iq). ■ 
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4.4 Poisson Boundary 



Having the computations of the previous subsection behind us, it is now an easy matter to determine 
the Poisson boundary. By Theorem l4.1Ul we can identify the Martin boundary with ^/A. Moreover, 
we know already that the state = ipa~^ on / A represents the unit, K = mod A is indepen- 
dent of (f), and K{A) is dense in '^/A. By Proposition ITT^ ii) the map K* : Tr^{^ / A)" M{A) 
defined by {K{x),a)u = {x,K*{a))^ for x G A and a £ TT,^{'i' / A)" , is an isomorphism of n^i'^ / A)" 

onto H°°(M{A),Pii,) which intertwines the left coactions of (M, A). Since u is quasi-invariant with 
respect to the right coaction of (A, A), by the discussion following the proof of Proposition \'AAl\ 
the right coaction of (A, A) extends to a right coaction of (M, A) on the von Neumann alge- 
bra TTu{^ / A)" . Then by Proposition 111 1 iT ii) and Corollarv \AA'A\ the map K* intertwines the right 
coactions of (Af, A), and K* = (i^ l)A. We summarize this discussion in the following theorem 
which makes the statement of Theorem 14.21 more precise. 

Theorem 4.14 

(i) For any generating state (p = Y2s'^s<Ps S C such that '^gSXg < oo, the map K*: tt^{^ / A)" — > 
M{A) gives an isomorphism ofn^^^/A)" onto H°°{M(A),P^) intertwining the left coactions of 
(M, A) and the right coactions o/(M, A). In particular, H°° (M (A) , Pff^) C M(A) is independent 
ofct>. 

(ii) We have K* = {u ® l)A, so K*a = {ip ® l)^ on C{SIq) d A. ■ 
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